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Preface

After having studied mathematics and geography I was interested in combining
these two sciences. So the common denominator was the Institute of Mathemat-
ical Statistics where I got the opportunity to write a thesis.

From a climatological viewpoint I was interested in analysing time series of tem-
perature and pressure, which can for example be modeled as autoregressive pro-
cesses.

On the statistical side a lot of research was done on autoregressive processes in the
case of normal distributed errors, but in reality this is a very strong assumption
for climatological time series .

It was Prof. J. Husler’s idea to model climatological time series as first-order au-
toregressive processes, with contaminated normal distributed errors, which seems
to be a more realistic approach.

In order to find an estimate of the autoregressive parameter p, the theory of
minimum distance estimates turned out to be suitable.

Koul (1992) showed the way of finding an appropriate method to prove the asymp-
totic normality of the minimum distance estimator p.

Thus the present thesis is a mathematical-statistical tool which enables us to
analyse climatological time series in a more realistic way.
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1 Introduction

Beran (1984) describes minimum distance estimates in an easy way: “Minimum
distance estimates are estimates of the parameters chosen to minimize the dis-
tance between the data and the fitted model.”

Wolfowitz (1957) was first to consider minimum distance procedures, and he
established consistency of minimum distance estimates under general conditions.
Asymptotic distributions for the Cramér-von-Mises distance were derived by Parr

and Schucany (1980) and Millar (1981).
For more detailed references prior to 1981 see the bibliography in Parr (1981).

Koul and DeWet (1983) provided suitable analogues of the Cramér-von-Mises
type minimum distance estimators in a linear regression model. These estimators
are obtained by minimizing an integral of squared difference between weighted
empiricals of the residuals and their expectations with respect to a large class of
integrating measures.

Some years later Koul (1986) gave a class of minimum L2-distance estimators of
the autoregression parameter in the first-order autoregression model for the case
when the error distribution is unknown but symmetric. For this purpose he used
random weighted empirical processes.

Finally, Koul (1992) extended the theory to AR(p)-models under the assumption
that the error distribution is known or is unknown but symmetric.

In the present work ® is used as model distribution. Using random weighted
empirical processes in the same way as Koul (1986), it can be proved that the
minimum distance estimator of the autoregression parameter of the first-order
autoregression model is asymptotically normal distributed even if the error dis-
tribution is unknown but contaminated normal.

The outline of the thesis:
Consider the time series {X;,} satisfying an AR(1)-process, e.g.
Xin = pXicipn + Ein, 1< n.
Assume that the true distribution function H,, of €;, is contaminted normal, e.g.
H, =(1-a,)® + a,Ho,

where Hp is an unknown distribution function with first moment y¢ and a, — 0
as n — 00.

Define a class of minimum distance estimators taking ¢ as the model distribution
function in place of H,:
2

M)~ | ln*“ZXz-_l,n{f(emgm+(t—p)xi_1,n)—<1>(m)} 46 ().

=1



2 1 INTRODUCTION

The question is whether this class of minimum distance estimators has nice prop-
erties; especially the asymptotic distribution is of interest.

The Main Theorem (Theorem 3.4.1) of this work states that the asymptotic
distribution of y/n(p — p), where p := argmin; M,(t), is normal, e.g.

kpo(1+ p) [ (Ho(x) — ®(2))p(z) dG(z)  o3(1—p?) )
[ ¢*(x) dG(x) ([ ¢2(2)dG(2))*)

ﬁ(ﬁ—p)izv(

In order to prove this theorem, the work is divided in two chapters:

Chapter 2 develops the results that are used in connection with the contaminated
normal distributed errors €;,. Since the minimum distance estimator depends on
n, the time series {X;,} has to be decomposed in two parts, e.g.

Xin =Y pP(1=Uijn)eij+ > Uijnbij, i<n,
7=0 7=0

where ¢€;_; has distribution function ®, and §;_; obeys H.

Chapter 3 starts with a description of the steps of the proof of the Main Theorem
(Theorem 3.4.1) and then states all definitions and lemmata used. To find the
asymptotic distribution of 4/n(p — p) define an auxiliary function Mn(t) with
p := argmin; Mn(t).

It can be shown (Proposition 3.3.3) that
sup | Ma(t) — Mn(t)| = 0p(1),

where the supremum is taken over a compact set of R.

Since /n(p — p) = 0(1) (Theorem 3.4.4), and therefore

V(b — p) = V5 — )+ V(b — ) = Vlp — o)+ op(1),
the asymptotic distribution of v/n(p — p) and +/n(p — p) must be the same.

Therefore it suffices to find the asymptotic distribution of v/n(p — p), which is
easier, because the properties of M, (t) are less complicated than those of M,(t).

To achieve this goal the exact expression of \/n(p — p) is derived. Then in the
Main Theorem (Theorem 3.4.1) the asymptotic normality of 4/n(p — p) is proved.

The last two chapters are applications of the Main Theorem.

Chapter 4 compares the asymptotic distribution of this minimum distance esti-
mator with the least square estimator. Proposition 4.2.1 shows the cases where
the minimum distance estimator has smaller bias than the least square estimator.



Finally Chapter 5 discusses how to find the minimum distance estimator g of
M,,(t) numerically, using Corollary 5.1.8 which explicitely states where the local
extremes can be attained.

For the special case of the weighting function g(z) = z it is shown that the
function M, (t) has a minimum (Proposition 5.1.9).
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2 Contaminated normal distribution

In this chapter it is assumed that a, i1s a sequence with 0 < a, < 1, for all n.

Note that in this case O(a,) + O(ak) = O(a,), for all k > 1.

2.1 Model
Definition 2.1.1. Let

H,=(1-0a,)®+a,Hy < H,— ®=a,(Hy— 9)

be the distribution function of the contaminated normal distribution. Hy s a
distribution function with density ho, first moment po and second moment o2+ pl.

We get
dH,(z
() _ o) = (1~ a)e(@) + anholz).
T
Definition 2.1.2. For i < n let U;, ~ Bin(1l,a,), ¢ ~ N(0,1) and §; ~ Hy be

independent random variables for all 1.

Lemma 2.1.3. The random variable
= (1 — Uin)& + Uind;, 1< n,
has distribution function H,.

Proof. The proof is an easy consequence of the independence of the random
variable Uy, €; and 4;.

Plem <z) = P((1 — Uin)e&i + Uind; < )
_ P((1— Us) = 1)P(e < 2) + P(Uin = 1)P(5 < 2)
= (1 - a,)®(z) + anHo(z) = Hu(z).

O

Definition 2.1.4. Let X;, = pXi—1n + €in, ¢ < n, be an AR(1)-process with €;,,
1.1.d. contaminated normal.

Definition 2.1.5. An AR(p)-process is said to be causal if there exists a sequence

of constants {1;} such that Y 72 ;| < co and

oo
X'm = E ";bjei—j,n; 1< n.
=0

Remark 2.1.6. A good review on causal processes is given in Brockwell and

Davis (1993), p. 77ff.
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Lemma 2.1.7. For every fized n the AR(1)-process Xin = pXi—1n + €in, t < n,
is causal and stationary iff |p| < 1.

Proof. Brockwell and Davis (1993), p. 85 and Priestley (1994), p. 121 ff.

Remark 2.1.8. For more details on causal AR-processes and stationarity see
Anderson (1971), p. 166fF., p. 372ff. A whole chapter on second order properties,
which play an important role in this context, can be found in Loeve (1978), p.

121-159.

Definition 2.1.9. Let X;,, ¢ < n, be an AR(1)-process as in Definition 2.1.4.
We write

Xin =Y Peign=_ 0 (1= Uijn)eij+ Ui jndi_j]
j=0

7=0

= e+ pPUijn(binj — i)
7=0 7=0

= Xz + Xin-

2.2 Moments

In this section we are calculating the moments which are used in Chapter 3 and
Chapter 4.

Lemma 2.2.1. Let X;,, = pXio1n+€in, 1 <mn, 0< p <1, be an AR(1)-process
with €;, .1.d. contaminated normal. Then, for 1 < n,

1. Eein = anpo = O(ay),

2. EeZ, =1+ O(ay),

3. Eed = 0(ay,),

4. Eei =3+ 0(an).

Proof. Use the definition ;, := (1 — Usn)e; + Usné;.
1. Ee;n = E(1 — Usn) Ee; + EU;p ES; = anpo.

2. The second moment of ¢;, is

Eel = E((1 — Uin)& + Uind;)? = E(1 — U2 Ee? + EUZ ES?
= (1 — an) + an(py + 05) = 1+ O(an).

3. Third and fourth moment can be found similarly.
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O

Remark 2.2.2. To calculate the exact expressions of the forth moments we use

the equation

Z ddcke = Z et +4 Z it + 3 Z ¥
i,5,k,1=0 i#j i#j
+ 6 Z ¥l ck + Z ket (2'1)
i itk
i£k 1£lj#k
itk iy

Lemma 2.2.3. The moments of the random variable X;, i < n, are:

1. EX; =0,

. 1
2. EX? = -,

1—p

3. EX? =0,

- 3
CEXi= ——
R

Proof. Use Definition 2.1.9 to show that
1. EXZ == ij EEZ'_J' == 0,
7=0

1
1—p

2"

2. BEX} =) p¥Ee ;=
=0

3. Follows alike as in part 4.

4. We use the representation of Xf and Remark 2.2.2 to show that

1 1
Ee; + 3 — Ee?)?
=g ((1—/02)2 1—p4)( %)
_ 3, 3 3 3

Cl-pt (1= 1-pt (1-p?)Y

EX} =

Lemma 2.2.4. Let i < n. Assume that Eé} and ES} exist. The moments of
X, are:

a'nll'O

1. EX;, = = O(an),
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2. EX? = O(ay),
3. BX2 = 0O(ay),
4. EX} = O(ay).
Proof. Use Definition 2.1.9 to show that

a'nll'O

1. EXZ-” = ijE(Ui—j,n(5i—j - Ei—j)) = :
j=0

1—p

2. Since Uy, 4; and ¢; are independent random variables and each summand of
-~ k
EXf=E (Z P Uizim (i — Ei—j)) , k=234,
7=0

contains the random variable U;, with EU! = a,, [ > 1, for all 7, every
expectation value has a least one factor a,. The moments of ¢; and §; exist
and since 0 < p < 1 the sum exists, too. These arguments complete the proof.
To find the exact expressions of the moments use Remark 2.2.2.

O
Corollary 2.2.5. The moments of X;,, 1 <mn, are
1. EXin = - = O(ay),
1—p

2. EX2 = 1 + O(an)

‘ mn 1 _ p2 mnj
8. EX} = O(a,),
4. EX} = L + O(an)

T - e
Proof. We use the representation

Xi = Z pjé‘z'_j,n.
7=0

Then the proof can easily be done with the help of Remark 2.2.2. O

Lemma 2.2.6. Let: < j <n+ 1. Then

o 2,2 1 _ pi-i
_Z. EX{—]_,’n,Xj—].,TL = pJ_Z EX(?TL —I_ ]C_Iln_lll(; 1 _pp !
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1+ 2p20—9)
2 2
2. E)(Z 1nXJ 1n = W + O(Gn)a
- : n’alpg 2 2
$. B[) Xin] =0(n)+ e = O(n) + O(n?d?).
=1

Proof. 1. We use the expansion for X;_;, with 7 < j:

EX; 1nXiin
= E[( T Xt P i o i et PEjn Tt Ejm1n) Xim1 )
PEXE 4+ Bein EXisip + ..
+pEej 2, EXi 1+ Eej_1 0, EXi 10
= " "EX2 + EXopEeon[p " 4 2 4 4 p 1]
appy 1—p""
1—p 1—0p

= P EXG, +

2. We use the same idea as in part 1. For X;_; , with 7 < j we get

2
X] 1,n

EX?

i—1,n

— E[X:LZ 1 n( j_iXi—l,n + pj_i_lein + ...+ PEj—2.n + €j—1,n)2]

j—1
= E (X'LZ 1 n[ (J Z)Xzz 1,n —I_ 2Pj_in’—1,n Z pj_i_ke'i—l—k—l,n

k=1
i -1
j=i=k) < j—i—k J i—1
—I_Zp 1,-|—k 1n+222p €1+k 1’!1.61,-|—l 171.]
=2 k=1
(J ) EX'L4 1TL—|_2PJ ILEX'LB 1nE€0anj_i_k
j—i -1
+ BXL 1nEeoan IR L 9BXZ, (Beon)? Y Y ik
=2 k=1
3p2(j_i) 2 2 1 2(j—i-1 2
= m + EXq, Eeg,lp (G=i-1) o 4 P> +1] + O(ay,)
202079 +1
:W—I-O(an).

To show that O(a,) is uniform we need the inequality

j—i I- j—i+1 (=8 4 p2i-9)

-1
j—i—k j—i—1 _ PP — P

> D =

=2 ket (L=¢*)(1 =)

2p
—(1=p)(1—p)
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and consider the expression

j—1 j—i I-1
27 EXG, Beon 3 4 + 2B X0, (Ben)? Y 3 74
k=1 =2 k=1
j—1 j—i I-1
=20(a2)p’* ) _ P * +20(a}) priR
k=1 =2 k=1
P 2 p
< 20(d2 +40(a?
(), A T =
1 P
<20(a2)—— +40(a’ = 0(a?
)=, H A Ty ~ O

3. Using part 1 and having in mind that

n j7-1
Y > T =0(n),
=2 i=1
we find
n 2 n j-1
E (Z Xi_l,n) =nEX?,, +2 Z Z EX; 1nXicin
i=1 =2 i=1

n j-l1 2,2 j—i
. 1 — o7

=nEX, +2) ) (pJ_ZEXZ-Z_ln—I-fmuO ] 2 )
Tol-p 1oy

7=2 =1

n(n — 1)alug 2
o + O(na;)

= 'rLEXgn + O(TL) EXgn + W

= O(n) + O(n*d2).
U

Remark 2.2.7. We note that O(a,) is independent on ¢ and j. In this case we
will say that O(a,) is uniform.

To prove Proposition 4.1.4 we need the following lemma:

Lemma 2.2.8. Let R:= 2 377, X; 1 ,Uin. Then

| ER o HoVnan
1—p

and

2. Var R = O(ai).
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Proof. 1. This part is obvious.

2. The second moment of R is

2 2
n 2 n
Ho o Ho o
E|l — Xi—l,nUin =—EK Xi—l,nUin

9 n
= % E (Z Xq,'z—l,TLUiTL —I_ 2 Z Xi_l,an—l,nUintﬂ) )
=1

1<
(a) Since Xjn, Xin and U,y are not independent we first consider the term
EXiannUi—I—l,nt—I—l,n-

Assume 7 > 7 and use Definition 2.1.9 to write

j—i-2

Xjn = Z PUi—km(8iok — €5-k) + PP Wip1.n(8ip1 — €141) + 97 Kin.
k=0 (2.2)
Using (2.2) we get
EXiannUi+1,nt+1,"

j—ie2
= EUjy1n EUi1 0 EXin Z PP BU; bn(8ik — €i_1)
k=0

+p7 7 BUjp1n BUi 1 (141 — €i41) BEXin
+ pj_i EUj_|_1,n EUi-I—l,n EXzzn

j—i—2
= (EUon)* EXon(Edo — Eeo) Y p* + p' "' (EUsn)” EXon(Edo — Eeo)
k=0
+ p'*(EUon)’ X,
appy 1—p 70 el
_ _n —1— n —'LO 3
a’:l':,ll’z i—i
— i :)2 +p’ O(ai). (2.3)

Next we calculate the sum

. an e i
2 E EXinXinUit1,nUj41,n = 2 E {(1 — ;)2 +0(a,)p’
i<j 1<J
n(n — 1)a?u
— —( - /)0);““0 + O(nas).
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(b) Now we go back to the original expression and use (2.3):

2 n
ER’ = POF (Z X2, Uin 2 Xi_l,an_l,nUman)
=1

i<j

. -1 4., .4
~ KB, Bl + %8 4 o)
naud o

(c) Finally

Var R = ER? — (ER)® = O(a2).

n

Corollary 2.2.9. If lim, o, v/na =: k < oo we find

R 5 Hak
1—p

Proof. It is a consequence of Lemma 2.2.8 and Chebychev’s inequality.
Lemma 2.2.10. Note that max, ¢(z) = \/% < 1 and therefore
1. Assume that [ |Ho — ®|dG < oo and [ ®(1 — 8)dG < oo. Then, uniformly
mn > 1,
/Hn(l — H,)dG < .
2. Let [h2dG < oo, [¢?dG < oo. Then, uniformly inn > 1, [h2dG < oo
and
/hf1 dG = /go2 dG + O(al).

3. If [ |Ho — ®|hodG < 00 and [ |Hy — ®|dG < oo then

/(H0 — 3)h, dG = /(H0 — 3)pdG + O(an).
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Proof. 1. Use Definition 2.1.1, the facts [ |® — Ho|dG > [(® — Hy)?dG and

0</H (1-H,
/(cp HO)dG+/ — 3)dG
(

(1
—I—an/(Ho—tI))dG—l—2an @@—HO)dG
(

g—ai/(@—Ho)ZdGJr/cb 1—

gan(3—an)/|<I>—H0|dG—|—/<I>(1—<I>)dG<oo.

<I>)dG—|—3an/|<I> — Hyo|dG

2. Take Definition 2.1.1 to show that
/h,z1 dG < 2(1 - an)z/go2 dG + 2a,21/h(2, dG € L*(G), uniformly in n.
The triangle inequality yields
[ TR llE = e 15 | <l ha—¢ &G =0k || ho—¢ [I& =0(a}).

3. Consequence of the definition of h,(z).
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3 Minimum Distance Estimation

3.1 Description of the chapter

The aim of this chapter is to prove that a certain minimum distance estimator p of
an AR(1)-process X;n = pXi_1,n + €in With &;, contaminated normal distributed,
ie. €n ~ H, = (1 — an)® + a,Ho, is asymptotically normal distributed under
some assumptions.

Since several lemmata are used more than once we divide the chapter in the
following way: definitions and lemmata (Chapter 3.2), propositions (Chapter
3.3) and theorems (Chapter 3.4).

The proof can be divided into four parts:

Part 1

We define the original distance function M,(¢) as

2

dG(z)

M, (t) := / ln—l/z zn:Xi_l,n {I(Xin —tX;_ 10 <) — ®(2)}

2

= / [n_l/z Z Xicin{llem <z+(t—p)Xic1n) — ®(2)}| dG(2)

=1

and approximate it by a function Mn(t), whose integrand is a quadratic form in
t,1e.

2

dG(z)

=1

M, (t) := / ln—l/z Y X {I(ein < 2) — ®(2) + Xim1,nha(z)(t — p)}

_ / [n1r2 > Xi-sa{lL(ein < 2) ~ Hale)
+ [Ha(2) — 2(2)] + Xioanhal2)(t — p)}] dC(a)
= [Wala,p) + Bale) 407 Y X2 ()t~ ) 4G o)

Lemmata 2.2.10(2)/3.2.6/3.2.7/3.2.11 and Corollary 3.2.12 are used to show that
this function M, (¢) is well defined. Since it is a quadratic form it has a derivative
and we find a minimum, p, i.e.

J Wa(z,p) + Bn(2))ha(z) dG(2)
Y, [ h2(z)dG(z) '

Vn(p—p) = -
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Part 2

In the second part we prove the asymptotic distribution of 1/n(p — p) (Theorem
3.4.1), which is a consequence of Proposition 3.3.9.

To prove this theorem we need

® b, — k”OI (Corollary 3.2.9),

o Y, =3 p2 with Y, :=n"' 37" X2, , (Corollary 3.2.13),
o [Wal(z,p)hn(z)dG(z) = [ Wa(z,p)p(z) dG(z), (Lemma 3.2.6),
o [hi(z)d ~ [ p(z)*dG(z (Lemma 2.2.10 (2)).

With these lemmata we can show that

fW z p) (z)dG(z)

Va(p—p) = - (2) dG(z)

Furthermore [ W,(z,p)p(z) dG(z) = —ﬁ > Xicin{¥(ein) — Ed(emn)} =: Sa
and Lemma 3.2.16 shows that {S,, Fi—1,} with Fi_1, = 6(Xon, €on,--- ,E€i—1n)
is a zero mean, square-integrable martingale array and so we can apply Corollary
B.18/Theorem B.17 to show that S, is asymptotically normal distributed.

Finally we need Proposition B.11 and Proposition B.12 to finish the proof.

Part 3
Now we consider the difference |M,(t) — M,(t)| and show that over a compact

set [p — %, p+ %] and certain assumptions (Proposition 3.3.3)

owp  |NL(t) — Ma()] = o4l1) (3.1)
te[p—%,p-l—%]

Therefore M,(t) is a good approximation for M,(t). Lemmata 3.2.6/3.2.7/3.2.11

are tools that are needed for this proof.

As special case we consider G(z) = z and show that one assumption of Proposi-
tion 3.3.3 is trivially implied (Proposition 3.3.4).
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Part 4

In part 3 we have proved that Mn(t) is a good approximation for our original
function M,(t) over a compact set [p — %, p+ %] To get the asymptotic

distribution of g we have to be sure that the approximation (3.1) can be applied
if t = p and t = p, because we need the equation o,(1) = |Mn(p) — Mn(p)|.
Therefore we must be sure, that p and p are lying inside this compact interval,
le.

| Valf— p)| < B and |v/a(p — p)| < B,

which is equivalent to check conditions (3.10) and (3.11) in Lemma 3.2.17. The
proofs of (3.10) and (3.11) are the contents of Proposition 3.3.6 and Proposition
3.3.7.

Since M,(t) is well approximated by Mn(t), and we know that p and g are lying
inside the compact set [p — \%, p+ \%], Theorem 3.4.4 guarantees

V(s — 5) = op(1).

But this is equal to the statement, that p and p have the same asymptotic dis-
tributions. So p has asymptotic a normal distribution, too.

3.2 Definitions and Lemmata

Definition 3.2.1. Define the error integral

2

()= | ln*“ZXi_l,n{f(emgm+(t—p)xi_1,n)—<1>(m)} dG(z),

=1

(3.2)

where G(z) is a nondecreasing real valued function that is right continuous and
has left limits. Denote the integrand of M,(t) as

Kn(ma t) = n—1/2 Z Xi—l,n {I(ein S z + (t - p)Xi—l,n) - @(m)} :
i=1
Definition 3.2.2. We define the minimum distance estimator p of M,(t) as
p = pn = argmtin M, (t). (3.3)

Since the distribution of the {e;,} still does not appear in the definition of M, (t),
we expand (3.2) with

Ho( + (t — p)Xict) — Hal®) = (¢ — p)Xio1nhn(e).
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So M,(t) becomes
M(t) = / ln/ 2 Xicin{l(em <zt (t = p)Xican) = Hale + (£ = p)Xicsn)}
PN X {Ha(o 4 (6 p)Xo 1) — Ha(e) — (¢ — ) Xesuhale)}

=1
2

+ p1/2 Z Xi_10 {Ho(z) — ®(z)} +n2/2 Z Xz'z—l,n(t — p)ha(z)| dG(=).

(3.4)

The term

'I’L_l/2 Z Xi—l,n {I(ein <z+ (t o p)Xi_L”) B H”(m + (t - P)Xi—l,n)}

=1

represents a random weighted empirical process,

02N Xi s {Ha(2 + (¢ — p)Xic1n) — Halz) — (8 — p)Xio1nhn(2)}

=1

is the expansion of H, up to order 2 around the point z,
n2 " Xi 1o {Ho(z) — ()}
i=1

1s arandom weighted difference between the true distribution H,, and the modeled
distribution ® and finally

n’_l/z Z X'L'Z—l,n(t - p)h”(m)
=1

is the rest term.

Definition 3.2.3. Write

Wa(z,t) :=n""2 " Xi g o{I(ein < @ + (t = p) Xic1,n) — Hulz + (t— p)Xis1n)},

=1

Bn(z) :=n"Y/? in_l,n{ﬂn(m) — &(z)}.
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Rewriting (3.4) with these substitutions and expanding with W,,(z, p) we get

(0= [ [Wale,t) ~ Wala,r)

4+l ZXi—l,n {Hu(z + (t — p)Xic1n) — Hu(z) — (t — p) Xic1nhn(2)}

2
+ Wa(e, p) + Ba(z) + 02y X2 t—p)] dG(z).
(3.5)
Definition 3.2.4. Define the auziliary function
2
Mn(t) = / [Wn(m,p) + Bn(z) +n —1/2 Z )(t—p)| dG(z) (3.6)
and let

~

Ku(z,t) := [Wa(z, p) + Bn(z) + Yahn(z)v/n(t — p))”

be the integrand where

= Z 2 (3.7)

Definition 3.2.5. We define the minimum distance estimator p of Mn(t) as

~

P = Pn = argmtin Mn(t). (3.8)

In Lemma 3.2.6 - Lemma 3.2.16 the terms of (3.5) are investigated. To prove the
propositions of Chapter 3.3 and the theorems of Chapter 3.4 it must be assured
that each expression is at least bounded in probability.

Lemma 3.2.6. Suppose [ ®(1—3)dG < oo, [|® — Ho|dG < oo, [h2dG < oo,
[¢?dG < co. Then

/ W2(2, p) dG(z) = Oy(1)
and

/Wn(m,p)hn /W 2, p)p() dG(z) + O, (an).

Proof. Consider Definition B.16. Note that
o El(e;, <z)= Hp(z) for all i <n and all z € R and
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e EX = E(E(X|F)), (Breiman (1992), p. 75).
Then with Lemma 2.2.10 we find

/I/V2 z,p)dG(z / (ZX 1n (I(ein < ) — Hn(“’))) dG(z)
= EXgn/Hn z)(1 — Hu(z)) dG(z)

+ %/Z E{Xic1nXjo1nl(in <z) — Ho(2)][I(ejn < z) — Hp(z)]}

- EXgn/Hn(m)(l — Ho(z)) dG(z)

+ %/Z E{E{Xic1nX;-1n[l(ein < z) — Ho(z)][I(ejn < z) 2)||Fio1n}}
= EXSH/Hn(m)(l — H,(z)) dG(z)
+ %/Z E{Xi1nXj 1,n[I(€in < &) — Ha(2)]} E{[I(ejn < ) — Hp(2)]|Fjo1,n}

= EXgn/Hn(m)(l — H,(z))dG(z) < oo, uniformly in n > 1.

The claim is then a consequence of Markov’s inequality (Corollary B.8).

For [ W,(z,p)hn(z) dG(z) we need the Cauchy-Schwarz inequality and the first

part of the lemma:

[ #ule10) i) d610) [ Wate,phete) d6
(z) — ¢

Lemma 3.2.7. Assume [(Hy — ®)>dG < co. Then

/mwmwz@wm+@M)
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where Byp(z) is as in Definition 3.2.3.

Proof. Use Markov’s inequality (Corollary B.8) and Lemma 2.2.6(3) to show
that

ne?

" <% ;Xl > ?7) < BEEL K] O(ay) + O(naz).  (3.9)

With the assumption [(Ho — ®)?dG < oo and (3.9) we find

/Bg(m)da(m) =t (Z Xi_l,n> /[Hn(m) — &(2)]? dG(z)

\/—% ;Xi_l,n] /[Ho(m) — &(2)])? dG(x)
= Op(nai) + Op(ai)-

O

Lemma 3.2.8. Suppose [|® — Ho|dG < oo, [ |® — HolhodG < co. Withb, :=
[ Bn(z)hn(z) dG(z) we find

P(/by — Bbal > 1) < O(a2).

Proof. We will prove this lemma with the Chebychev inequality (Lemma B.9).
Remember the defintion of B, (z) (Definition 3.2.3). Define

Ii= | (Hole) - 2(2))ele) dG(e),

J = /(HO(m) — &(2))(¢(2) — ho(z)) dG(z),
K, :=a,J —I=0(1).

Then we get
by, = /Bn(m)hn(m)dG(m) = KoY Xiin.

Now we calculate Eb,, i.e.

Eb, — az /o

K,
1—p
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and Eb%, i.e

2 2

Eb: = E /Bn dG(m)) - E (&ZXZ-_MK”

n \/E )
aZ
—"K,“;E(ZXZ n)
n
_a’121K2 _I_O _|_2Z 'i _I_ 310( ) a’ill’(z)
B n " 1— pZ nan 1< ’ o (]‘ _p)Z

= k2 (4 006 + 0a) + (n - ) “i"‘z’ ;)

p (1-p)?

(o)

Therefore the variance of b,, is

Var b, = Eb? — (Eb,)? = K20(a2) = O(a2).

n

Putting together the three parts we find

P(lbn — Eba| > 1) < — O(a2).

1
77 n
0

Corollary 3.2.9. If lim, , v/na2 =: k < co. Then, with the notations of the
proof of Lemma 3.2.8,

b, & bl
1—p

Proof. It is a consequence of the proof of Lemma 3.2.8.

Remark 3.2.10. Note, that [ B2(z)dG(z) = O,(1) and Eb, = O(1) if a, =
O(n-1),

Lemma 3.2.11. Assume that E&3, Ed; exist. Then
P(|Y, — EY,| > 1) < O(a,) + O(n™").

Proof. We use the Chebyshev’s inequality (Corollary B.9).
Remember that

p

1« 1
EYn == ;E ZX'L'Z—l,n == 1_72 + O(an).
i=1
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Note that
n j-1 2Gi) _2p —|—p _pz(n_l_ 1) _I_p4(n_|_ 1) _ pZ(n-l—l) B O(n)
=2 it (=14 p%)? (—1+ p2)? ‘

With the results of Lemma 2.2.6 we can show that

Eﬁ: EZE: X2,

=1 j=1

= %ZEX:I—l EZ ] 1,n
i=1

1]
1 n ) n Jl]_—|—2p‘71
= 32 BXL .+ ZZ
=1 7=2 =1
iil—l—% i + O(an)
=2 j=1
B —1 n(n—l)
=0(n")+ niz(l ) + O(an)
1 -1

and

Var Y, = EY? — (EY,)? = O(a,) + O(n™").

Corollary 3.2.12. Suppose that E&3, Ed; exist. Then
EY? < .

Proof. It is a consequence of the proof of Lemma 3.2.11.

Corollary 3.2.13. Let a, = O(n"%/*). Then

1

Y, & .
1— p?

Proof. It is a consequence of Lemma 3.2.11.

21

To prove Lemma 3.2.16 we introduce a new function ¢ and the random variables

&'n, Zin and Sn.
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Definition 3.2.14. Assume ¢ € L'(G) and define

B(z) = / " o(y)dCly), = cR,

o0

§in 1= _n_l/ZXi—l,n{"/J(ein) - E")b(ein)}:
Zin = p(ein) — Ep(ein),

Sni=) &in
i=1
Lemma 3.2.15. The random variable Z;, is uniformly bounded and has finite
variance.

Proof. Define K := ¢(o0) and note, that ¥(z) is a nondecreasing, positive and
bounded function. Then

For Z,,, we therefore find

EZ;, =0,
|Zin| = [¥(ein) — Edp(ein)| < K,
EZ; = E*(ein) — (B(em))” < K*.

Lemma 3.2.16. Assume that a, — 0 as n — oo. C(onsider the notation of

Definition 3.2.14. We find

d o}
Sn—>N(O, ‘pz),
1—p

with o7, := EZ§, as n — .

Proof. Consider the integral [ Wi(z, p)¢(z) dG(z). We find
[ Wata,p)ete) d6(@) = | ln/ > Xoan{llem <) Hn(m)}] e
=Y K {00) o)~ [ Be) a0t
=Y K { ) + [ (1 o) di) |
= Y Ko { e — [ $0e) o)
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—n Y Xicin{(ein) — Expleim)}

=: me =:S,.

Now {Sn, Fi—in} with Fio1n = 0(Xon,€on,--- ,€i—1,n) 1S @ zero mean, square-
integrable martingale array. To use Corollary B.18 we need to check the assump-

tions (B.4), (B.5), (B.6).
(B.4) ok.

(B.5) Let Z;n, = 9¥(€in) — E¢(€in). Lemma 3.2.15 showed that max; |Z;,| =: L is
bounded and EZ2 = O(1). Then

> B (&1(enl > 8)|Fics)

- n_l Z E (XZZ 1TL n (|X1. 1’rLZ1,'n,| > 'I’L1/25)

<n 'Y X2, .E (LZI(|X1-_1,HL| > nl/26)

n'/2§
= 'I’L_1 ZX'L'Z—l,nLZ‘[ (|Xi—1,n| > L )

— 0,

Ficin)

Ficin)

12
smce](|XZ 1n| > 2 /5)—>0asn—>oo.

(B.6) First we calculate EZ2,. Since the €;, are i.i.d. contaminated normal we get

EZ2 = Var ¥(ein) = E¢?(ein) — [Edb(ein)]?

/1/ngodm—an/¢ @ — ho) dz
(fsvemn ot i)
= /¢2d<1>— (/¢d<1>)2+0(an).

The conditional expectation of &2, given F;_; , is

n n

Z E( z'2n|‘7::i—1,”) = Z E( _1X12 1n 'm|‘7:; 1")

2

n
g,
-1 2 2 P P
=n'y X2, EZ} 5 .
=1

L—p
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So the assumptions of Theorem B.17 are satisfied and the statement is proved. [
Finally three lemmata are used to prove the Main Theorem (Theorem 3.4).

Lemma 3.2.17. Let f,, be a sequence of stochastic functions and
Vn = argmtin Tn(t).
The conditions

e V>0, there exist a 0 < k, < co and N1 = Ni(n), such that for all n > Nj,
P(1fle)| < k)21, (3.10)

e V0 < a < oo andn > 0 there exist a N2 = Ny(n,a) and a b = b(n, a), such
that for all n > N,,

P inf falt) > a ] 21—, (3.11)
te[p—%,p-l—%]
imply
(72 (n — p)| = Op(1).
Proof. Suppose a > k,. Then

{n 1 Fa(p)l < R} 0 {n: inf fulp+ n~'2h) > a}
= {n: |falp)] < i, inf fulp+n7"%h) 2 a}
. -1/2py « . -1/2py >
Cin: jnf fulp 0 "h) < by, inf fulp + 07 h) > o}

. ~1/2 : -1/2
C{n: |;11|1>fbfn(p+n h) > |;11|15fbfn(p+n h)}.

So, for all n > max{N;, No} the infimum outside the intervall [—b,b] is greater
than inside and therefore [n/%(y, — p)| = O,(1). O

Lemma 3.2.18. Let f and g be bounded functions. Then
|inf f(2) — inf g(z)| < sup |f(z) — g(z)|.

Proof. Assume that d := |inf f —inf g| > sup |f — g|. Without loss of generality
inf f > infg. Then there exist n > 0 with d > sup |f — g| + 7 and a y so that
lg(y) —inf g| < n and inf f > g(y). Then

fy)—gly) +n=1f(y) —9(y)| +n <sup|f—g|+n<d
= |inf f — g(y) + g(y) — inf g|
< [inf f — g(y)[ + [9(y) —inf g|
<inf f —g(y) +n.
So f(y) < inf f, which is a contradition. O
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Lemma 3.2.19. Let U; be a stationary sequence of random variables and EUZ <
0o. Then

max;<i<n |Ui]
T = Op(]_).

Proof. Since EUZ exists we get

max; |U; -
P (% > ﬂ) < 30 PG > 93) = nP(Us] > 95)

1
< EEU31(|UO| > d4/n) — 0, as n — 00.

3.3 Propositions

Now we will compare the two functions M,(t) and Mn(t). With the results of
Lemma 3.2.6 - Lemma 3.2.16 we are able to prove Proposition 3.3.3.

Definition 3.3.1. We use following notations:
An(z,t) = Wy(z,t) — Wa(z,p),

Cale,t) 1= 072" Xi g n{Holw + (t — p)Xic1,n) — Ha(2) — (t — p) Xic1nha(2)},

=1

Dn(2,t) := Wa(z,p) + 072 Y X2 hn(2)(t — p)-
Definition 3.3.2. Let

Va(p, B) := [P—%,p—l-E]

n

and

Vs (p, B) :=R\Va(p, B).
Proposition 3.3.3. Assume that

ho, € LZ(G),
(Ho — ®),®(1 — @) € LY(G),
Ed;, E&3 exist,
0 < B < o,
sup /Cs(m,t) dG(z) = o0p(1),
teVn(p,B)
a, = O(n_1/4).
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Then
L M(0) = H0) = o), (3.12)
or equivalent
sup |Mu(p +n ") — M,(p + n7%u)| = 0,(1). (3.13)

lu|<B

Proof. Consider Definitions 3.2.3 and 3.3.1. Write
Mu(6) = [ (Anf,6) + Cale, ) + Dale, ) + Bula))? dG,

ML (t) = /(Dn(m,t) + B(2))? dG.

Then

~

M, (t) — M,(¢t) :/ (Ai(af:,t) + Cz(af:,t)) dG(z) +
+2 / An(z,t)(Bn(z) + Cn(z,t) + Du(z,t)) dG(z) +

+ 2 / Cn(z,t)(Bn(z) + Dn(z,t)) dG(z).

In Koul (1992) (Lemma 7.4.3) it is shown, that suan(p,B)fAi(m,t) dG(z) =
0p(1). Lemma 3.2.7 with Remark 3.2.10 assures that [ B2(z)dG(z) = O,(1).

Since

sup /Di(m,t) dG(z) < 2/W3(m,p) dG(z) +

tEVn(p,B)

+2 sup |n'/?(t— p)|2Yf/hi(m) dG(z) (3.14)
teVn(p,B)

is Op(1) (Lemma 3.2.6, Corollary 3.2.12 and 0 < B < oo), the proposition is a

consequence of the Cauchy-Schwarz inequality. So we have

sup | Mp(t) — Ma(t)] = 0p(1).
teVn(p,B)

Proposition 3.3.4. Consider the case G(z) = ©. Assume that

/ {sup |ho(z + v) — ho(m)|} de — 0, as s— 0. (3.15)

[v|<s
Then
sup /Cg(m,t) dG(z) = op(1).

tEVn(p,B)
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Proof. Write v =t — p and start with the expression
Colz,u+p) =0 Xi 10 {Ha(2 + uXi_1n) — Ha(2) — uXi_1nha(z)}

=1

=(1—a)n ™) X1 {®(z +uXi10) — B(2) — uXi_1np(z)}

=1

+ Gnn_l/z Z Xi—l,n {Ho(m + 'U/X'i—l,n) - Ho(m) - 'U/Xi—l,nhO(m)}
=1

=: (1 - a,)C(z,u + p) + a.C.*(z,u + p).
Now with the inequality (e + b)? < 2a® + 2b® we obtain

/[Cn(m,u—l—p)]zdm < 2(1—an)2/[07’:(m,u—|—p)]2 da:—l—2ai/[0$*(m,u—|—p)]2 dz.

The next step consists in showing that both parts on the right side are converging
to zero in probability when taking the supremum over |n!/?u| < B.

Consider the second term first. To begin with we have the representation
¢
Ho(z + tv) — Ho(z) = v / ho(z + sv) ds, Vt>0, —co <z, v<oo.
0
Also note that

sup [ (C**(z,u+ p))?dz = sup / (C’,’;*(ar:,t'rfl/2 + p))2 dz.

hul< = lt|<B
Now write, fora £ >0, —oo < z < o0,

Cr*(w,tn™? + p)

= 'I’L_l/2 Z Xi—l,n {Ho(m —|— t 'I'L_l/ZX,L'_l,n) — Hg(m) —t 'I'L_l/ZXi_l,nhg(m)}

i=1
n t
=n ! ZXZ.Z_LH / {ho(m + s n_l/ZXz-_l,n) — hg(m)} ds.
i=1 0
Therefore, for all 0 < ¢ < B and for all real z,

n B
|C,:*(m,tn_1/2 +p) <7t ZXZ-Z_LH / ‘ho(m + s n_l/ZXz-_l,n) — ho(m)‘ ds.

=1 0

One obtains a similar bound for —B <t < 0. Putting these bounds together we
obtain that for all [t| < B and for all real z,

n B
|C* (2, tn Y% + p)| < n7? ZXZ-Z_LH / ‘ho(m +sn VX ) — ho(m)‘ ds.
-B

=1
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Now let A, := [maxi<;<n n_1/2|X¢_1,n| < é]. Note that on A,,

|C,:*(m,tn_1/2 +p)|<2Bnt ZXZ-Z_LH sup |ho(z + v) — ho(2)],
i—1 |lv|<8§B

so that

sup/(C’,’;*(ar:,tn_l/z—I-/O))2 dz

t<B
n 2 2
nt ZXZ-Z_LH ] / { sup |ho(z +v) — ho(m)|} dz
i=1

< 4B?
lv|<6B

= op(1),

by (3.15) and by Lemma 3.2.11 which guarantees that n=' > " | X7 | = = Op(1),
and by the fact that for every § > 0, P(A,s) — 1, which inturn follows from the

fact
maxi<i<n [Xic1n|

J/n = o0,(1).
Now, in the case hg = ¢, then the left hand side of (3.15) satisfies, in view of the
Cauchy-Schwarz inequality and Fubini’s Theorem,

/{E}";Ps |90(m—|—v)—30(m)|}2 dmg/[/j ©'(z +t) dtr de

< 25//61[50’@ +t)]? dt dz
= 45° /[go'(m)]z dz = o(1), as s — 0.

So (3.15) is a priori satisfied by the normal density and hence by an argument
similar to the above one obtains

sup / (C’,’;(ar:,im_l/2 + p))2 dz = o,(1).

lt|<B
Thus the proposition follows. O

Proposition 3.3.5. With the assumptions of Proposition 8.8.8 we find

inf  M,(t)— inf M,(t)| = op(1).

teVn(PyB) tGVn(pyB)

Proof. It is a consequence of Lemma 3.2.18 and Proposition 3.3.3. O

Proposition 3.3.6. With the assumptions of Proposition 3.3.3
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1. M,(p) and

2. My (p)
satisfy the condition (3.10).

Proof. 1. It is a consequence of Lemmata 3.2.7 and 3.2.6.

2. Tt is a consequence of Proposition 3.3.3 and 1.
O

Proposition 3.3.7. With the assumptions of Proposition 3.3.3

1. Mn(t) and
2. M, (¢)
satisfy the condition (3.11).

Proof. 1. Define the function
Sn(2,t) := Wo(z, p) + Bu(@) + Ynho(z)v/n(t — p)

which is nondecreasing in ¢ since Y,, > 0. With the Cauchy-Schwarz inequality
we find

(/ S’n(m,t)w(ﬂﬂ)dG(m))z < /5’5(1',15) dG(m)/soz(m)dG(w)

and so

(I8 el@) 46())

M) 2 T e o) v

?

Define Tn(t) = fgn(m,t)go(m) dG(z). It is obvious that Tn(t) is a

(a) nondecreasing function in ¢ for every n,

(b) inf, Tn(t) < 0 and sup, Tn(t) > 0 for every n.
For the next steps we use the inequalities
a-+5] > |[a] = [bl] > 18] — la]

As a consequence of Lemmata 3.2.6 and 3.2.7 for any > 0 there exist a N,
and a K, such that

P(| [¥ute.n) + Bulolple)d6to)| < Ko ) 212 oz N,
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Cho , 2
- Y, [ hap dG
and define
B B
E:= {p — =Pt —}
n n
B B
o= [p B
n n
Then

< BYn/hn(w)w(w)dG(m) - ("‘/SO2 dG) 1/2)

>1-—n/2, Vn > N,.

Since Tn(t) 1s a nondecreasing function we conclude that

p inf,cg{T2(t)} >2)<p inftEV,f(p,B){Ti(t)} >z
o fordc
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2. We divide the proof in several parts.
(a) Consider the function
Sn(mat) = n—1/2 ZXi—l,n{I(ein S z + (t - p)Xi—l,n) - @(m)}
i=1

As a consequence of the Cauchy-Schwarz inequality we find

( / Sn(m,t)so(m)da(m))z < / $2(2,t) d6(z) / #*(x) dG(a)

and so

(f Salz, t)p(z) dG(2))®
[ ¢*(z) dG(z)

Ma(t) oW

Ta(t) := /Sn(m,t)go(m) dG(z)
— Y Xiin [ o4 (- p)Xesn) - B(o)}(e) dGIo)
—: /2 ZXi—l,nQ(t)-

Now we show that 7),(¢) has the following properties:
1. nondecreasing function in ¢ for every n,

ii. inf; T,,(t) < 0 and sup, T,,(t) > 0 for every n,

. sup,ev,(,B) 1T, () — To(t)] = 0,(1) for every n.

i. We decompose Ty, (t) := T1n(t) + Ton(t), where

Tin(t) := n~1/? Z Xi1nd(Xicin > 0)Q(2),
Ton(t) := n~1/? ZXi—l,nI(Xi—l,n < 0)Q(t).
Assume t; < ¢,.

L Xi—l,n > 0: Then thi—l,n < tZXi—l,n- So Tl,n(tl) < Tl,n(tZ)-
o X; 1,<0. We find

X1 2> 0 Xin
= I(ein <z + (t1 — p)Xic1n) — ®(2)
> e < o+ (82— p)Xirr) — B(2)
o X n(I(ein <2 4 (6~ p)Xir) — B(z)
< Xicin({(em <z + (t2— p)Xicin)
= Ton(t1) < Ton(ts).

— &(z))



32 3 MINIMUM DISTANCE ESTIMATION

So T,(t) is nondecreasing in ¢.

ii. We decompose again T,,(t) = T1n(t) + T2,n(t) as in the part 2(b)i and see
that lim; , o Tn(t) < 0 and lim; o T (¢) > 0.

. For any 0 < B < oo and with the Cauchy-Schwarz inequality and proof of
Proposition 3.3.3 we get

sup |Tn(t) —Tn(t)|= sup
tGVn(PyB) tGVn(pyB)

<2 sup / A2 (2, £)¢%(z) dG(z)

tEVa(p,B)

+2 sup /Ci(m,t)goz(m)dG(m)

teVn(p,B)
= o0,(1).

[ 1An(a0) + Cala, )] () d6(e)

Since T,(t) is nondecreasing in ¢ there exists a N,' such that for all n > N/

, (inftevj(;fjgs(t)} >:) > (W > 2)

inf,cp{T2(t)}
>P| ———— 2= > —n/2
> ( Torde Z° n/
>1-—n, Vn > max{N,, N'}.

The last step is a consequence of 1.

Corollary 3.3.8. The estimators p and p are satisfying

V(5 — p)| < B <,
Wa(p—p)| < B < oo.

Proof. The functions M,(¢) and Mn(t) satisfy (3.10) and (3.11), see Proposition
3.3.6 and Proposition 3.3.7. Therefore the Corollary is a consequence of Lemma

3.2.17. 0

Proposition 3.3.9. With the assumptions of Proposition 3.3.3 the argmin p of
M, (t) is given by

Va(p—p)=— f(Wn(wg)erhf(nm(;:;)(?é)m) dG(z) (3.16)
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Proof. Note that
/ (Ba(®) + Wa(z, p))? dG() = Oy(1)
and

[ (Bul) + W, p))n(2) dGi(2) = 041,

which are consequences of Lemmata 3.2.6, 3.2.7 and the Cauchy-Schwarz inequal-
ity. Now consider (3.6). We get

5,(0) = [ [Bule) + Wale,p) + Yo/t = p)hn(e)] dG()

- / [Ba(z) + Wa(z, p)? dG(z)

(3.17)
+2a/(t = p) [ (Bale) + Wale,p)) () d6 (o)
+ (avalt = o)) [ B(2)dG (o)
and differentiating with respect to ¢
Do) — 2¥vi [(Bala) + Wal,p) ) dG(e)
+2xa(e— p) [ Hife) d6(e) Lo,
so the minimum is
, [ (Ba(2) + Wa(z, p))hn(z) dG(2)
Valp—p) = - Y, [ h2(z) dG(z) '
O

Remark 3.3.10. The right side of (3.6) is

(t—p)

Ma(t) = Ma(p) + My (p)(t = p) + Ml(p)

3.4 Theorems
Theorem 3.4.1. With k := lim,_,0 v/na’, ¥(z) = [°_o(y) dG(y) and the as-

sumptions of Proposition 3.3.3, the expression /n(p—p) converges in distribution,
1.€.
R kpo(1 4 p) [ (Ho(z) — ®(2))p(z) dG(x o2 (1 — p?)
Vili—p) S 1 el ) JUe) — Mole)die) AY
[ ¢*(z) dG(z) (f ¢*(z) dG(z))
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lim Var ¢(ein) = /¢ dd — (/¢d<1>) .

Proof. Since a, = O(n 1/4) we are sure that & = O(1). We have shown in
Lemma 3.2.16 that

%
/W z,p)p(z)dG(z) =S, = N 0,1 )

where

Consider the term (3.16)

W@, p)ha(e)dC(x) [ Bu(@)ha(z) dC(z)
V(b =) = - Y, [R2(2)dG(z) Y, fhz dG( )
[ Walz,p)p(z) dG(z) + Oplan) J Bu(2)ha(z) dC(a)
Y. [¢¥(2)dG(z) + O(a2)  Ya[ (e dG(m) T 0(a2)

_ Sn + Oplan) . br,

~ Ya[e¥(2)dG(2z) + O(a2)  Ya [*(z)dG(z) + O(a2)

Sn
T Y [¢%(2) dG(z) + O(a2)
i + Oylan).

RAEE dG(m) 0(a2)

(Corollary 3.2.13), b, P, kuo [(Ho—%)pdG

1-p

Since a,, = O(n_1/4)
(Corollary 3.2.9) which yields

?

v [ $e) d6a) + 0a2) 5 f“ol_p
bn », Fpo(L+p) [(Ho — @)pdG
V. [ #*(2) dG(v) + O(a2) [ *(2) dG(s

The conclusion follows with Proposition B.11, Proposition B.12 and Remark B.10.
O

Corollary 3.4.2. If G(z) = = then

Vilp ) 4 N (~2vkua(1 + ) [ (o) — #(o))(o) de, 51— ) ).

Proof. Note that with ¢(z) = ®(z) we find

<
2
3
2
IS
8
|
[N
S
—_
[N

Then the Corollary is a consequence of Theorem 3.4.1. O
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Proof. If a, = o(n"'/*) then k = o(1). The rest is a consequence of Theorem
3.4.1.

Theorem 3.4.4. With the assumptions of Proposition 3.3.3 it follows that
Vn(p — p) = 0p(1).
Proof. With Propositions 3.3.5 and 3.3.3 we get

| M) — Mn(p)| < |Mn(5) — Ma(p) + Mn(5) — M ()

(P
(P

< |Ma(5) — Ma(5)] + |Mn(5) — Ma(p)
Steéu(pB)an(t) Mo (t)| + | Ma(p) — Ma(p) (3.18)
= o0,(1).

Since the last inequality holds with probability 1 — 4§, § > 0, we must choose
B = B(§) sufficiently large.

Equation (3.16) shows that
Vilp = p)Ya [ K(@)dG(a) == [(Wa(2,0) + Bula)ltnf2)dG(a). (3.9

Remember that ¥, = 1 ZZ L Consider (3.17) and use (3.19) to write

'Lln

H(8) = Wta(p) + 2v/(t = 9)Ya [ [Wa(z,9) + Bala) n(2) dG()
+¥2nlt - p) [ Ha(x)do(e)
= ia(p) ~ 2u(t = )6~ )Y [ B2(e) dCo)

+n(t — p)?Y;? / h2(z) dG(z).

(3.20)
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Now we start with (3.18) and use (3.20) to get
0p(1) = | Mn(5) — Mn(p)
= |20 [ Bi@)a6(e) [~ = p)5 — )+ (5= o)
n¥? [ Ka(e)d6(e) [(5 - 5~ (6~ o)
= |n? [ B(@)dG(@) [-2( - )6~ ) + (5~ p)" + (5 oY
Valp 7))’ 2 [ #i(2)dG(a)
Vi(p— 7))’ Op(1).

Since p i1s asymptotically normal distributed we conclude that p is asymptotically
normal distributed, too. O

-
-

(b —p)
(b —p)
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4 MDE versus least square estimator

We want to compare the least square estimator with the minimum distance esti-
mator.

4.1 Least-square estimator

Lemma 4.1.1. The least square estimator in an AR(1)-process is

~ ~ ZTL 1 X'LTLX'L 1,n
prs = prs(n) = = =
ZZ 1

'Lln

Theorem 4.1.2. Let prs be the least square estimator in an AR(1)-process X; =
pXi_1 + €;, where €; are standard normal distributed. Then

Va(prs — p) 5 N(0,1 - p?).

Proof. Brockwell and Davis (1993), p. 259 states the result, the proof can be
found on p. 386-396.

Corollary 4.1.3. Let X; = pX;_1+¢€; be an AR(1)-process, where €; are standard
normal distributed. Then

\/_ZXZ 161—>N(0 ! )

1— p?
Proof. Start with
(o o)
X; X;
(%2 o)

Zz 1XX11 ) 2
L i - X2
( ZlXZZ]. 'I’Lzz:l:

1 n
7 z_; Xi_1€ =

aw a\

B

Now

2

1 n
g;Xz_ 1—p

XX .
\/ﬁ(%—/o) = N(0,1— p?).
=1 “*i—1

The claim is then a consequence of Proposition B.11 and Proposition B.12. [

and
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Proposition 4.1.4. Suppose a, = O(n~'/*). Let s be the least square estima-
tor in an AR(1)-process Xin = pXi_1n + Ein, where €;, are contaminated normal

distributed. Then with k := lim,,_,, v/na? we find

- d
vn(prs — p) = N (kpg(1 +p),1 - p?) .
Proof. Consider

~ n—l/Z Z’?:l Xi—l n€in Nn
VRlpes ) S S X, D

First we examine the denominator
1 oy
D, = n '2—1 Xz’—l,n =Y.

Corollary 3.2.13 shows that

The nominator is

N, = \/iﬁ 2:; Xi 1n€in
_ \/Lﬁ 2:; [Xis + Xi1] [(1 = Uin)es + Ui
:iiE:xﬁq_E}xqmﬁ+§jxqm@+§:mqﬂi
N XUt + > Xim1 U8 — po) + Y Xi—l,nUin:u’O]

We have to analyse all these terms and start with the most important:

(a) With Corollary 4.1.3 we see that
1 =5 d 1
LI oS ALY (0, 7) |
\/E =1 1 - pz

(b) Corollary 2.2.9 proves that

k,U,O
1—p

.%Zxﬂ%i
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(c) Consider
1 < 4
R:=— Xi_ nUin 51 — .
\/’E ;:1: 1, ( :u’O)

It is easy to see that ER = 0.

In order to use Chebychev’s inequality we have to determine the variance of
R. Since §; is independent of X;_;, and Uj, the second moment is

2
1 .
E <\/—'E ; Xi—l,nUin(5i - Mo))

1 . R R
= E (; Xiz_l,nUin((si — po)® + 2 Z Xic1nXjo1nUinUjn(6; — po)(6; — pio)

i<j

= EX}, EUin(8; — po)? = O(a2).
Putting together the parts we find R 5 0.

(d) All other expressions are converging to 0 in probability, too. The proofs follow
similar steps.

Putting together parts (a) - (d) we get

kp? 1
N, & N[ Ho
1—p'1—p?

and hence the claim. O

Note that from Theorem 3.4.1 we may write

o a ka1t p) [(Ho(e) — @(e))p(e)dG(z)  oB(1- )
Ve ”HN( [ ¢*(2) dG(a) ’(fSOZ(m)dG(m))Z)'
4.2 Comparison

Proposition 4.2.1. The asymptotic bias of the least square estimator \/n(prs —
p) is greater than that of the minimum distance estimator /n(p — p), if

[ (Ho(z) — &(z))p(x) dG(z)|
[ ¢*(2) dG(=)

Proof. It is a consequence of Theorem 3.4.1 and Proposition 4.1.4. U

\pto| >

)
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Corollary 4.2.2. Consider the case G(z) = z. Then

In this case the asymptotic bias of the least square is greater than that of the
minimum distance estimator if

o >2\/_‘/H0 dm—1/2‘ (4.1)

Lemma 4.2.3. Ifb# 0, e > 0 then

1 c/e —alb
/go(a + bz)®(c+ ex)de = |b|(I) ((1/62 n 1/b2)1/2) )
Proof. Cain (1994) p. 124f.

Lemma 4.2.4. The taylor ezpansion of ®(z) is

e -1 ann-I—l
¢
(=) ; n!27(2n 4+ 1
For |z| < /7 the sequence
mZn—I—l
|fn(@)] := m‘
is monoton nonincreasing and sgn fi(z) = sgnez.

Proof. Abramowitz and Stegun (1968), p. 932.

The second part follows immediateley from

B g2(nti)+t B z2ntl (2n + 1)z?
| fra(e) | = (n+ 1)!2n+1(2n +3) ‘ a n!2”(2n +1) 2(n+1)(2n + 3)
< | fal2) | (n+ smrn) < @) (n+ Smr1) < @ Ve

Corollary 4.2.5. Let Ho(z) be a normal distribution function with mean po and
variance o2. Then the bias of the asymptotic distribution of the minimum distance
estimator is less than that of the least square estimator if

o |uo| > /T or
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e 0o >1 and 0 # || < /7.

Proof. Let us start with

41

/HO z)dz = /<1> (”” ;0"") o(z)dz = & (ﬁ) . (4.9)

which is a consequence of Lemma 4.2.3.

Now we consider the inequality (4.1) and use expression (4.2):

|M0

()]

(4.3)

Since |1/2 — ®(z)| < 1/2 for all z, the right side of (4.3) is smaller or equal /7.

e Therefore if |ug| > /7 the conclusion remains true.

e Let 0 < po < 4/m. Then we have to satisfy the condition

uo—f+2fq><m) > 0.

As a consequence of Lemma 4.2.4 we get

2n+1
or(an)
P —Ho _ 1 n 1 —Ho 1 Z o5+l
o+ 1 2 27 £ /o2 + 1 n!27(2n 4 1)
1 1 —Ho 1 —Ho
ot ===z 5 T )
2 2T \/0’0 +1 2 2\/_
and the case 0 < po < /7 is proved.
Counsider the case —y/m < po < 0. Then (4.3) yields
—fo — +2y/m® > —po > 0.
oV (m) po
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5 Application

In this chapter we suppose that n is a fixed number!

5.1 General Case
Definition 5.1.1. Let

Fre)i= 5 (Jim s+ + i 16— n).,

1
2 \n—0+
gi—1 = Q(Xi—l)-
Definition 5.1.2. Assume that
e ¢; < min;{X;} < max;{X;} < ¢,

e g is a bounded function with finite number of jumps and

o F(z) is any distribution function with

/F(m)(l — F(z))dz < o

and a continuous density function f(z).

We define the function

de =: /Sﬁ(m,t) de.
(5.1)

M, (t) ::/ ln—l/z Y g {I(X <z +tXiy) — Flz)}

=1

Lemma 5.1.3. M,(t) ezists for all t.

Proof.

max;{X;—tX;_1}

min; {X;—tX;_1} 9
M,(¢t) = / [n—l/z Zgi_lF(m)] dz + / S%(z,t) dz

oo min; {X;—tX; 1}

* /m w23 (1 - F(@))] de

max;{X;—tX;_1}

(5.2)
Each part of this integral is bounded, so M,(t) exists.

Lemma 5.1.4. The function M,(t) is continuous for all n.
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Proof. Let f(t) := n~1/2 Ye -1 (I(Xk < 4+ tXk_1) — F(z)). We choose a
sequence t,, converging to to. With |f(tm) + f(t0)| < 202 % |gioy1| := d we get

Matm) = Ma(te)] < [ 17(t) = £(t)] d
= [ 17(t) + 18] 1F(tm) ~ Flto) o
< d/ |f(tm f(to)| de
< dn/? / Ek: ‘gk_l(I(Xk <2+ tmXi1)

—I( Xk <z +toXp_1)

= dn™'/? Z ‘gk—l(tm —to) Xp_1
%

dz

= dn?|tm — to| Y _ |gk-1Xk_1] = 0.
k

hence for t,, — to it follows that |M,(tm) — Mn(to)| — 0.

Lemma 5.1.5. The function M,(t) is piecewise differentiable. The nondifferen-

tiable points are of the form t = XXT for all i,k with X;_1 # Xp_1.

Proof. For the proof we use Proposition A.l. Consider equation (5.2). The
first and the third term are special cases of the second one. So let H,(t) be the
parameter integral over the finite intervall [a, ], where a := min{X; — tX;_;},

b:=max;{X; —tX;_1}.
Note that for any 7, we have

mlin{Xl — tXl_l} S max{Xi — tXi_l,Xj — th—l} S mlax{Xl — tXl_l}.

If X;_1 = X;_1 then max{X; —tX; 1, X; —tX;.1} = max{X;, X;} — tX;_; and
is therefore differentiable for all ¢. So let X; ; # X;_;.

H,.(t) = / S2(z,t) / (Zgz I(X;<z+tX;1)-— F(m))) dz

/ Z gi—195— 1 Xz’ <z ‘|‘tXi—1)[(Xj <z ‘|’th—1)

@ ij=1

—2I(X; <z +tX; 1) F(z) + F?(z)) de.
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Omiting the sums and the function g, which are independent of ¢, we find three
different kinds of terms:

Term 1:

b
I()(Z S T + tXi_l)I(Xj S z + th—l) dz
Imax{X; —tX;_1,X; —tX;_1} < z)dz

/ab
/

/ dz
max{X;—tX;_1,X;-tX; 1}

= mlax{Xl — tXl_l} — max{Xi — tXi_l,Xj — th—l}

X — X
t L —— R
¢{ zl—Xj—l}

is differentiable for all

Term 2:

b

X < L —|—th 1)d
(y —tXa)I(X: <y)dy

/b-l—tX, 1

a—I—tX, 1

BHtXi_s
= / (y—tX;_1)dy

X;

which is also differentiable for the same values of ¢ as in term 1. For the last
equation we used the fact, that for all 2

max{mlin{Xl — tXl_l} + th'—l; XZ} = )(Z
Term 3: analogue. O

Theorem 5.1.6. Assume

Zgz X; —tX; 4 < z)— F(z)] € L*(R")
and

Then the function

2

M,(t) = / [n_l/z zn:gi_l {I(X; <ez+tX;.1)— F(z)}| de

=1
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1s precewise differentiable for all

Xi— X )
t — Vi k d X;_ X
¢ {Xi—l — Xp_1 " } o 17 Xit

and its derivative is

2
() = 2D ge1gina X (T5(X: = X S 4(Xima = Xir)) = F(Xi — £X5-1)),
ik

where
1 z<y
Iz <y):= T z=y
0 z>uy.

Proof. We assumed G, f € L*(R). Hence G, exists and G, € L*(R,C).
We have

A — —2miwe d — i —2mw(X;—tX;_1) o
Guw) = [ e Guo)de = g (e @),

taking the derivative

d -
%Gt Zgz 1X'L Le —2miw(X;—tX;_ 1)

By Plancherel (Proposition A.5) we get

/|Gt |2dm—/|Gt )| dw.

As M,(t) is differentiable for ¢ # Xil%i’(:_l and with Proposition A.6 and Theo-

rem A.7 we get

d d
%Mn(t) dt/Gt( )G (w) dw
d—=
N d -
= 2§R/ Gi(w)—Gi(w) dw
R dt
= 229i—1Xi—1 §R/ €2Wi(Xi_tXi_1)wét(w) dw
R

=2 Zgi—le’—lec(Xi —tX;1),

where we have set

1 . )
6t (o) = 5 (Jim, Gule+ ) + fim Gulo—m).
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Remark 5.1.7. There exist at most n? jump points.

Corollary 5.1.8. The function M, (t) has its extremes either in the differentiable
intervals where the condition

> gk1gi1 Xemy (I5(X: — Xi <8(Ximy — X)) — F(Xe — tX,1)) = 0 (5.3)
1,k

must be satisfied or at the jump points, which are of the form

X; — Xg .
po Tk g
Xio1— Xpa

Proof. It’s a consequence of Theorem 5.1.6.
Proposition 5.1.9. Let sgng(z) = sgnz. Then M,(t) has a minimum.

Proof. Consider the derivative

2
Mi(8) = =Y geagina X (I5(X: = Xi < t(Xims — X)) = F(Xi — £X0))
1,k

and define
Ui, k) = gr-19i-1Xr-1 (Ii(Xi — X <t(Xim1 — Xp1)) — F( X — th—l)) .
We have to check 6 cases:

Xi1 — Xp_1 > 0 Xio1 > Xpo1 > 0,
Xpo1 <0 and X;_1 > 0,
X1 < X521 < 0.
Xp—1 > X211 >0,
Xr_1 > 0and X;_; < 0,

Xeo1 < X1 < 0.

o o e

e S s

Xi1 — Xp-1 <0

D o

—h
S

In cases b), ¢), d), e) we find lim; ,1., U(3,k) = 0, a) yields

>
lim U(’L,k) = j:gk—lgi—le—l <0

t—+too

and f)
. . >
lim U(i,k) = Fgr-19i-1Xe-1 < 0.

t—+too

Combining these cases we get the result

{00

. 2
lim M, (t) = - ng—le—1|9i—1| >0,
2
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where A = {(¢,7); sgn Xi_1 sgn (X;—1 — Xzx—1) = 1}, and analogous for

t—>—oc0

. 2
lim M) (t) = - ng_le_1|g¢_1| < 0.
A

Since M, (t) is continuous we conclude that lim; ,1 ., M, (t) = 0o. So M, (t) must
have a minimum. O

Remark 5.1.10. The special case g(z) = ¢ is used for the simulation.

5.2 Logistic distribution

In this chapter we choose as a special case the logistic distribution, e.g

plo)= (e (-3))

because [ F and [ F? have primitives. We find the expression

Mn(t) = 'I’L_1 Zgi_lgj_l [—b — max{Xi — tXi_l,Xj — th—l}‘I‘
4,3

+2bln(1 + exp{(X; — tX;_1)/b})] .

We have b = /30 /7 and p = 0. With the logistic distribution it is possible to
find easily the minimum of the function M,(¢) numerically.
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A Fourier Analysis

Proposition A.1. Let F(t) = j;plz((tt)) f(t,z)de. If ¥1 and vy have continuous
derivatives with respect to t throughout the interval a < t < b and f(t,z) is

continuously differentiable in a region wholly enclosing the region R = {(t,z);a <
t <bc<z<d} then we get

¥2(t)

F'(t) = / filt, ) dz — Py () F (¢, 9a(2)) + Pa(t) (2, ¥a(t)).
Y1 ()

Proof. Courant (1945), p. 220.

Definition A.2 (Rudin (1987) p. 65). Let X be a measure space with a pos-
e measure p. If 0 < p < oo and if f s a complex measurable function on X,

define
1/p
- Pd
I f s [/X|f| :u}

and let LP(u) consist of all f for which

I f llp < oo

We cdll || f ||, the LP-norm of f.

Definition A.3. If f € L*(R™), the Fourier transform of f is the function f
defined by letting

f=)= [ ft)em<=*>dt,
R
for all z € R™.

Proposition A.4. If both f andf are integrable then

f(m) _ f-(t)ezﬂ-i<z,t> dt
R
for almost every .

Proof. Stein and Weiss (1971), p. 11.

Proposition A.5 (Plancherel Theorem). If f € L' N L? then

fz(w) dw = f*(z) dz.
Rﬂ,

R

Proof. Stein and Weiss (1971), p. 16.
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Proposition A.6 (Parseval Formula). If f,g € L? then

| J@i)do = | F@ale)do

Proof. Rudin (1987), p. 187.

Theorem A.7. Suppose f : R — C is continuous except al a finite number of
points t1,ts...t,, where lim, ,o; f(t; + 1) and lim, o4 f(t; — n) exist. Then, if
S |f(t)] dt converges and f(€) = O(|€|™") as [€] — oo, it follows that for R — oo

R A .
/_R F(E)e®™tde — f(t)  fort ¢ {ti,ts,...tn},
R . ' 1
[ Fereemsde 3 (Jim st +0)+ Jim 1= )

Proof. Korner (1988), p. 300f.
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B Probability

Definition B.1 (Agresti (1990), p. 418). The symbol o,(2,) denotes a ran-
dom variable of smaller order than z, for large n, in the sense that oy(2,)/zn
converges in probability to 0; that is, for any fized e > 0

(

The notation Oy(z,) represents a random variable such that for every e > 0 there

0p(2n)

Zn

‘Se)—>1, asn — oo.

1s a constant K and an integer ng such that

(22

Zn

gK)Zl—e, for all n > ny.

Definition B.2. We say Z,, converges to Z in distribution (Z, < Z), if

lim an(t) = Fz(t)

n—oo

at each point t, where Fz(-) is continuous.

Definition B.3. We say Z,, converges to Z in probability (Z, LN Z), if for every
e>0
lim P(|Z,— Z| >¢€)=0.

n—oo
Definition B.4. We say Z,, converges almost surely (a.s.) to Z, iff
Plw: Z,(w) = Z(w)) = 1.
Proposition B.5. We have
Zn 87— 7, B 7 — 7,5 7,
Proof. Rohatgi (1993), p. 246 and p. 250

Proposition B.6 (Pointwise Ergodic Theorem). Let {X,},>1 be a station-
ary ergodic sequence of random variables with E|X,,| < co. Then

1 n
lim =Y X; = EX, as.
tm 2 s

Proof. Berger (1993), p. 140.

Proposition B.7. Let h(z) be a nonnegative Borel-measurable function of an
rw. X. If ER(X) exists, then, for every e > 0,

_ EA(X)

P(h(X) > €) <~
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Proof. Rohatgi (1993), p. 100.
Corollary B.8 (Markov’s inequality). Let » > 0 and K > 0. Then
ElX|
K
Corollary B.9 (Chebychev’s inequality). Let EX = p and Var X = o2
Then

P(|X]> K) <

1
P(|X_M|ZKU)§E-

’
cC C

Z 2
Remark B.10. If Z ~ N(u,0?) then = ~ N (ﬁ "—).
C

Proposition B.11 (Slutsky’s Theorem). If X, = a, Y, & b and g(-) is a
continuous function, then

1. Xo+Y, B atbd,

2. XY, 2 ab,

3. Xn/Y, B a/b, provided b +# 0,

4. 9(Xa) > g(a).

Proof. Rohatgi (1993), p. 244f.

Proposition B.12. 1. If X, & X and X, — Y, 0, then Y, > X,
2. if X, — Y, 50, and g(-) is a continuous function, then g(X,) — g(¥,) 50,
3. if X, 4 x and Y, £>c, then X,, Y, i>X:l:c,

4. if X, % X and Y, > ¢, then XY, L X, ifc#0,

5 if X, 4 X andY, B ¢, then X,/ Y, < X/e, if ¢ £0.

Proof. Chow and Teicher (1978), p. 249f.

Definition B.13 (Kallenberg (1997), p. 44). A family of random variables
&, t €T, is said to be uniformly integrable if

lim sup E[|&|; |&| > 7] =0.
T—>00 tET

Lemma B.14. The random variables &, t € T, are uniformly integrable iff
sup, E |& | < o0 and

lim > E[|&]; A] = 0.
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Proof. Kallenberg (1997), p. 44.

Proposition B.15. If X;, X,,... are i.4.d. r.v.’s with common law L(X) and
E|X|? < oo for some positive integer q, then

n Xk
2inn Xi 7 g for1<k<q,

n
and n=1 Y7 XF is consistent for EX*®, 1 <k <gq.
Proof. Rohatgi (1993), p. 336.

Definition B.16. Let (Q,F, P) be a probability space, {Fin,1 < i < n} be an
array of sub o-fields such that F;p, C Fit1n,1 <t <n—1; X;, be a Fi,, measurable
r.v. with EX2, < 0o, B(Xin|Fic1n) =0 (2 <i<n); andlet S;, = ZKJ. Xin, 1 <
7 <n. Then {Sin, Fin;1 <1 < n,n > 1} is called a zero-mean, square-integrable
martingale array with differences {X;n;1 <i <n,n > 1}.

Theorem B.17. Let {Sin, Fin;1 < ¢ < k,,n > 1} be a zero-mean, square-
integrable martingale array with differences X;,, and let n* be an a.s. finite r.v.
Suppose that

max | X;n| 5 0, (B.1)

Z X'LG £> 7727 (B2)

E (max X;) s bounded n n, (B.3)

the o-fields are nested: Fipy C Fiy1p for 1 <i < k,,n > 1. (B.4)

Then Skon = D.; Xin <, Z, where the r.v. Z has characteristic function
E exp(—3n°t?).

Proof. Hall and Heyde (1980), p. 60.

Corollary B.18. If (B.1) and (B.3) are replaced by the conditional Lindeberg
condition

foralle >0, > E[XLI(|Xin| > €)|Fizrn] 50, (B.5)

1

and if (B.2) is replaced by an analogous condition on the conditional variance

n

V;czn = Z E(Xz%m|‘7::i—1,ﬂ) £> 7727 (B6)
and if (B.4) holds, then the conclusion of Theorem B.17 remains true.

Proof. Hall and Heyde (1980), p. 63.
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Proposition B.19 (Hall and Heyde (1980), p. 46). Conditional version of
Chebyshev’s inequality:

P (| Xin| > ¢

Ficin) < e 2B [XLI(|Xin| > €) | Ficin) - (B.7)

Remark B.20. Two approximations to the normal distribution, Abramowitz

and Stegun (1968):

—_
—_

$(z)>1-—

8| =

(27r)_1/2 exp(—z2/2) =: pi(z),
(442 — ¢

8
\%

O‘!‘I -3 Cﬂ|

B(z) < 1- (2m) /2 exp(~2?/2) = pala), @

\%

(B.9)
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