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iiiPrefaceAfter having studied mathematics and geography I was interested in combiningthese two sciences. So the common denominator was the Institute of Mathemat-ical Statistics where I got the opportunity to write a thesis.From a climatological viewpoint I was interested in analysing time series of tem-perature and pressure, which can for example be modeled as autoregressive pro-cesses.On the statistical side a lot of research was done on autoregressive processes in thecase of normal distributed errors, but in reality this is a very strong assumptionfor climatological time series .It was Prof. J. H�usler's idea to model climatological time series as �rst-order au-toregressive processes, with contaminated normal distributed errors, which seemsto be a more realistic approach.In order to �nd an estimate of the autoregressive parameter �, the theory ofminimum distance estimates turned out to be suitable.Koul (1992) showed the way of �nding an appropriate method to prove the asymp-totic normality of the minimum distance estimator �̂.Thus the present thesis is a mathematical-statistical tool which enables us toanalyse climatological time series in a more realistic way.AcknowledgementsMy special thanks go to Prof. J. H�usler for his patient support, his numerousideas to prove important details and his success in inviting Prof. H. Koul.It was a great stroke of luck for me to meet Prof. Hira L. Koul from MichiganState University several times, since he is the expert in the domain of minimumdistance estimates in linear regression and autoregression. The discussions withhim led to great progress in my work. I would like to express my gratitude tohim.Furthermore I wish to thank Christoph Leuenberger for his help in the analysisdomain, Peter Balsiger for solving informatics questions, Philipp Busato andEnkelejd Hashorva for re-reading this manuscript.Last but not least I thank all people who helped me in any way during myeducation, especially my parents who encouraged and supported me all the years.
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11 IntroductionBeran (1984) describes minimum distance estimates in an easy way: \Minimumdistance estimates are estimates of the parameters chosen to minimize the dis-tance between the data and the �tted model."Wolfowitz (1957) was �rst to consider minimum distance procedures, and heestablished consistency of minimum distance estimates under general conditions.Asymptotic distributions for the Cram�er-von-Mises distance were derived by Parrand Schucany (1980) and Millar (1981).For more detailed references prior to 1981 see the bibliography in Parr (1981).Koul and DeWet (1983) provided suitable analogues of the Cram�er-von-Misestype minimum distance estimators in a linear regression model. These estimatorsare obtained by minimizing an integral of squared di�erence between weightedempiricals of the residuals and their expectations with respect to a large class ofintegrating measures.Some years later Koul (1986) gave a class of minimum L2-distance estimators ofthe autoregression parameter in the �rst-order autoregression model for the casewhen the error distribution is unknown but symmetric. For this purpose he usedrandom weighted empirical processes.Finally, Koul (1992) extended the theory to AR(p)-models under the assumptionthat the error distribution is known or is unknown but symmetric.In the present work � is used as model distribution. Using random weightedempirical processes in the same way as Koul (1986), it can be proved that theminimum distance estimator of the autoregression parameter of the �rst-orderautoregression model is asymptotically normal distributed even if the error dis-tribution is unknown but contaminated normal.The outline of the thesis:Consider the time series fXing satisfying an AR(1)-process, e.g.Xin = �Xi�1;n + "in; i � n:Assume that the true distribution function Hn of "in is contaminted normal, e.g.Hn = (1� an)� + anH0;where H0 is an unknown distribution function with �rst moment �0 and an ! 0as n!1.De�ne a class of minimum distance estimators taking � as the model distributionfunction in place of Hn:Mn(t) := Z "n�1=2 nXi=1 Xi�1;n fI("in � x+ (t� �)Xi�1;n)� �(x)g#2 dG(x):



2 1 INTRODUCTIONThe question is whether this class of minimum distance estimators has nice prop-erties; especially the asymptotic distribution is of interest.The Main Theorem (Theorem 3.4.1) of this work states that the asymptoticdistribution of pn(~�� �), where ~� := argmint Mn(t), is normal, e.g.pn(~���) d! N  �k�0(1 + �) R (H0(x)� �(x))'(x) dG(x)R '2(x) dG(x) ; �2 (1� �2)�R '2(x) dG(x)�2! :In order to prove this theorem, the work is divided in two chapters:Chapter 2 develops the results that are used in connection with the contaminatednormal distributed errors "in. Since the minimum distance estimator depends onn, the time series fXing has to be decomposed in two parts, e.g.Xin = 1Xj=0 �j(1� Ui�j;n)�i�j + 1Xj=0 Ui�j;n�i�j; i � n;where �i�j has distribution function �, and �i�j obeys H0.Chapter 3 starts with a description of the steps of the proof of the Main Theorem(Theorem 3.4.1) and then states all de�nitions and lemmata used. To �nd theasymptotic distribution of pn(~� � �) de�ne an auxiliary function M̂n(t) with�̂ := argmint M̂n(t).It can be shown (Proposition 3.3.3) thatsup jMn(t)� M̂n(t)j = op(1);where the supremum is taken over a compact set of R.Since pn(�̂� ~�) = op(1) (Theorem 3.4.4), and thereforepn(�̂� �) = pn(~�� �) +pn(�̂� ~�) = pn(~� � �) + op(1);the asymptotic distribution of pn(~�� �) and pn(�̂� �) must be the same.Therefore it su�ces to �nd the asymptotic distribution of pn(�̂ � �), which iseasier, because the properties of M̂n(t) are less complicated than those of Mn(t).To achieve this goal the exact expression of pn(�̂ � �) is derived. Then in theMain Theorem (Theorem 3.4.1) the asymptotic normality of pn(�̂��) is proved.The last two chapters are applications of the Main Theorem.Chapter 4 compares the asymptotic distribution of this minimum distance esti-mator with the least square estimator. Proposition 4.2.1 shows the cases wherethe minimum distance estimator has smaller bias than the least square estimator.



3Finally Chapter 5 discusses how to �nd the minimum distance estimator ~� ofMn(t) numerically, using Corollary 5.1.8 which explicitely states where the localextremes can be attained.For the special case of the weighting function g(x) � x it is shown that thefunction Mn(t) has a minimum (Proposition 5.1.9).



4 2 CONTAMINATED NORMAL DISTRIBUTION2 Contaminated normal distributionIn this chapter it is assumed that an is a sequence with 0 � an � 1, for all n.Note that in this case O(an) +O(akn) = O(an), for all k � 1.2.1 ModelDe�nition 2.1.1. LetHn = (1 � an)� + anH0 () Hn � � = an(H0 � �)be the distribution function of the contaminated normal distribution. H0 is adistribution function with density h0, �rst moment �0 and second moment �20+�20.We get dHn(x)dx = hn(x) = (1� an)'(x) + anh0(x):De�nition 2.1.2. For i � n let Uin � Bin(1; an), �i � N(0; 1) and �i � H0 beindependent random variables for all i.Lemma 2.1.3. The random variable"in := (1 � Uin)�i + Uin�i; i � n;has distribution function Hn.Proof. The proof is an easy consequence of the independence of the randomvariable Uin; �i and �i.P ("in � x) = P ((1� Uin)�i + Uin�i � x)= P ((1� Uin) = 1)P (�i � x) + P (Uin = 1)P (�i � x)= (1� an)�(x) + anH0(x) = Hn(x):De�nition 2.1.4. Let Xin = �Xi�1;n + "in, i � n, be an AR(1)-process with "ini.i.d. contaminated normal.De�nition 2.1.5. An AR(p)-process is said to be causal if there exists a sequenceof constants f jg such that P1j=0 j jj <1 andXin = 1Xj=0  j"i�j;n; i � n:Remark 2.1.6. A good review on causal processes is given in Brockwell andDavis (1993), p. 77�.



2.2 Moments 5Lemma 2.1.7. For every �xed n the AR(1)-process Xin = �Xi�1;n + "in, i � n,is causal and stationary i� j�j < 1.Proof. Brockwell and Davis (1993), p. 85 and Priestley (1994), p. 121 �.Remark 2.1.8. For more details on causal AR-processes and stationarity seeAnderson (1971), p. 166�., p. 372�. A whole chapter on second order properties,which play an important role in this context, can be found in Lo�eve (1978), p.121-159.De�nition 2.1.9. Let Xin, i � n, be an AR(1)-process as in De�nition 2.1.4.We write Xin = 1Xj=0 �j"i�j;n = 1Xj=0 �j [(1� Ui�j;n)�i�j + Ui�j;n�i�j ]= 1Xj=0 �j�i�j + 1Xj=0 �jUi�j;n(�i�j � �i�j)=: ~Xi + X̂in:2.2 MomentsIn this section we are calculating the moments which are used in Chapter 3 andChapter 4.Lemma 2.2.1. Let Xin = �Xi�1;n + "in, i � n, 0 < � < 1, be an AR(1)-processwith "in i.i.d. contaminated normal. Then, for i � n,1. E"in = an�0 = O(an);2. E"2in = 1 +O(an);3. E"3in = O(an);4. E"4in = 3 +O(an):Proof. Use the de�nition "in := (1� Uin)�i + Uin�i.1. E"in = E(1� Uin) E�i + EUin E�i = an�0:2. The second moment of "in isE"2in = E((1� Uin)�i + Uin�i)2 = E(1� Uin)2 E�2i + EU2in E�2i= (1 � an) + an(�20 + �20) = 1 +O(an):3. Third and fourth moment can be found similarly.



6 2 CONTAMINATED NORMAL DISTRIBUTIONRemark 2.2.2. To calculate the exact expressions of the forth moments we usethe equation 1Xi;j;k;l=0 cicjckcl =X c4i + 4Xi6=j c3icj + 3Xi6=j c2ic2j+ 6Xi6=ji6=kj 6=k c2icjck + Xi6=j;i6=ki6=l;j 6=kj 6=l;k 6=l cicjckck: (2.1)Lemma 2.2.3. The moments of the random variable ~Xi, i � n, are:1. E ~Xi = 0;2. E ~X2i = 11 � �2 ;3. E ~X3i = 0;4. E ~X4i = 3(1� �2)2 :Proof. Use De�nition 2.1.9 to show that1. E ~Xi = 1Xj=0 �j E�i�j = 0;2. E ~X2i = 1Xj=0 �2j E�2i�j = 11� �2 :3. Follows alike as in part 4.4. We use the representation of ~X4i and Remark 2.2.2 to show thatE ~X4i = 11� �4 E�4i + 3� 1(1 � �2)2 � 11� �4� ( E�2i )2= 31� �4 + 3(1� �2)2 � 31 � �4 = 3(1 � �2)2 :Lemma 2.2.4. Let i � n. Assume that E�3i and E�4i exist. The moments ofX̂in are:1. EX̂in = an�01� � = O(an),



2.2 Moments 72. EX̂2in = O(an),3. EX̂3in = O(an),4. EX̂4in = O(an).Proof. Use De�nition 2.1.9 to show that1. EX̂in = 1Xj=0 �j E (Ui�j;n(�i�j � �i�j)) = an�01� �:2. Since Uin, �i and �i are independent random variables and each summand ofEX̂kin = E 1Xj=0 �jUi�j;n(�i�j � �i�j)!k ; k = 2; 3; 4;contains the random variable Uin with EU lin = an, l � 1, for all i, everyexpectation value has a least one factor an. The moments of �i and �i existand since 0 < � < 1 the sum exists, too. These arguments complete the proof.To �nd the exact expressions of the moments use Remark 2.2.2.Corollary 2.2.5. The moments of Xin, i � n, are1. EXin = an�01� � = O(an);2. EX2in = 11� �2 +O(an);3. EX3in = O(an);4. EX4in = 3(1� �2)2 +O(an):Proof. We use the representationXin = 1Xj=0 �j"i�j;n:Then the proof can easily be done with the help of Remark 2.2.2.Lemma 2.2.6. Let i < j � n + 1. Then1. EXi�1;nXj�1;n = �j�i EX20n + a2n�201� � 1� �j�i1� � ;



8 2 CONTAMINATED NORMAL DISTRIBUTION2. EX2i�1;nX2j�1;n = 1 + 2�2(j�i)(1 � �2)2 +O(an);3. E nXi=1 Xi�1;n!2 = O(n) + n2a2n�20(1� �)2 = O(n) +O(n2a2n):Proof. 1. We use the expansion for Xj�1;n with i < j:EXj�1;nXi�1;n= E�(�j�iXi�1;n + �j�i�1"in + �j�i�2"i+1;n + : : :+ �"j�2;n + "j�1;n)Xi�1;n�= �j�i EX2i�1;n + �j�i�1 E"in EXi�1;n + : : :+ �E"j�2;n EXi�1;n + E"j�1;n EXi�1;n= �j�i EX20n + EX0n E"0n[�j�i�1 + �j�i�2 + : : :+ �+ 1]= �j�i EX20n + a2n�201� � 1 � �j�i1 � � :2. We use the same idea as in part 1. For Xi�1;n with i < j we getEX2i�1;nX2j�1;n = E[X2i�1;n(�j�iXi�1;n + �j�i�1"in + : : :+ �"j�2;n + "j�1;n)2]= E X2i�1;n[�2(j�i)X2i�1;n + 2�j�iXi�1;n j�iXk=1 �j�i�k"i+k�1;n+ j�iXk=1 �2(j�i�k)"2i+k�1;n + 2 j�iXl=2 l�1Xk=1 �j�i�k�j�i�l"i+k�1;n"i+l�1;n]!= �2(j�i) EX4i�1;n + 2�j�i EX3i�1;n E"0n j�iXk=1 �j�i�k+ EX2i�1;n E"20n j�iXk=1 �2(j�i�k) + 2EX2i�1;n( E"0n)2 j�iXl=2 l�1Xk=1 �j�i�k�j�i�l= 3�2(j�i)(1� �2)2 + EX20n E"20n[�2(j�i�1) + : : :+ �2 + 1] +O(an)= 2�2(j�i) + 1(1 � �2)2 +O(an):To show that O(an) is uniform we need the inequalityj�iXl=2 l�1Xk=1 �j�i�k�j�i�l = � � �j�i+1 � �(j�i) + �2(j�i)(1� �2)(1� �)� 2�(1 � �2)(1 � �)



2.2 Moments 9and consider the expression2�j�i EX30n E"0n j�iXk=1 �j�i�k + 2EX20n( E"0n)2 j�iXl=2 l�1Xk=1 �j�i�k�j�i�l= 2O(a2n)�j�i j�iXk=1 �j�i�k + 2O(a2n) j�iXl=2 l�1Xk=1 �j�i�k�j�i�l� 2O(a2n) �j�i1� � + 4O(a2n) �(1 � �)(1� �2)� 2O(a2n) 11� � + 4O(a2n) �(1 � �)(1� �2) = O(a2n):3. Using part 1 and having in mind thatnXj=2 j�1Xi=1 �j�i = O(n);we �ndE nXi=1 Xi�1;n!2 = nEX2i�1;n + 2 nXj=2 j�1Xi=1 EXj�1;nXi�1;n= nEX20n + 2 nXj=2 j�1Xi=1 ��j�i EX2i�1;n + a2n�201� � 1 � �j�i1 � � �= nEX20n +O(n) EX20n + n(n� 1)a2n�20(1 � �)2 +O(na2n)= O(n) +O(n2a2n):Remark 2.2.7. We note that O(an) is independent on i and j. In this case wewill say that O(an) is uniform.To prove Proposition 4.1.4 we need the following lemma:Lemma 2.2.8. Let R := �0pnPni=1 X̂i�1;nUin. Then1: ER = �20pna2n1� �and 2: Var R = O(a2n):



10 2 CONTAMINATED NORMAL DISTRIBUTIONProof. 1. This part is obvious.2. The second moment of R isE �0pn nXi=1 X̂i�1;nUin!2 = �20n E nXi=1 X̂i�1;nUin!2= �20n E nXi=1 X̂2i�1;nUin + 2Xi<j X̂i�1;nX̂j�1;nUinUjn! :(a) Since X̂jn, X̂in and Ui+1;n are not independent we �rst consider the termEX̂inX̂jnUi+1;nUj+1;n:Assume j > i and use De�nition 2.1.9 to writeX̂jn = j�i�2Xk=0 �kUj�k;n(�j�k � �j�k) + �j�i�1Ui+1;n(�i+1 � �i+1) + �j�iX̂in:(2.2)Using (2.2) we getEX̂inX̂jnUi+1;nUj+1;n= EUj+1;n EUi+1;n EX̂in j�i�2Xk=0 �k EUj�k;n(�j�k � �j�k)+ �j�i�1 EUj+1;n EUi+1;n(�i+1 � �i+1) EX̂in+ �j�i EUj+1;n EUi+1;n EX̂2in= (EU0n)3 EX̂0n( E�0 � E"0) j�i�2Xk=0 �k + �j�i�1( EU0n)2 EX̂0n( E�0 � E"0)+ �j�i( EU0n)2 EX̂20n= a4n�201� � 1 � �j�i�11� � + �j�i�1 a3n�201 � � + �j�iO(a3n)= a4n�20(1� �)2 + �j�iO(a3n): (2.3)Next we calculate the sum2Xi<j EX̂inX̂jnUi+1;nUj+1;n = 2Xi<j � a4n�20(1� �)2 +O(a3n)�j�i�= n(n� 1)a4n�20(1 � �)2 +O(na3n):



2.2 Moments 11(b) Now we go back to the original expression and use (2.3):ER2 = �20n E nXi=1 X̂2i�1;nUin + 2Xi<j X̂i�1;nX̂j�1;nUinUjn!= �20 EX̂20n EU0n + (n� 1)a4n�40(1 � �)2 +O(a3n)= na4n�40(1 � �)2 +O(a2n):(c) Finally Var R = ER2 � ( ER)2 = O(a2n):Corollary 2.2.9. If limn!1pna2n =: k <1 we �ndR p! �20k1� �:Proof. It is a consequence of Lemma 2.2.8 and Chebychev's inequality.Lemma 2.2.10. Note that maxx '(x) = 1p2� < 1 and thereforeZ jH0 � �j'dG < Z jH0 � �j dG:1. Assume that R jH0 � �j dG < 1 and R �(1 � �) dG < 1. Then, uniformlyin n � 1, Z Hn(1 �Hn) dG <1:2. Let R h20 dG < 1, R '2 dG < 1. Then, uniformly in n � 1, R h2n dG < 1and Z h2n dG = Z '2 dG +O(a2n):3. If R jH0 ��jh0 dG <1 and R jH0 � �j dG <1 thenZ (H0 � �)hn dG = Z (H0 � �)'dG +O(an):



12 2 CONTAMINATED NORMAL DISTRIBUTIONProof. 1. Use De�nition 2.1.1, the facts R j� � H0j dG > R (� �H0)2 dG andR �(� �H0) dG < R j��H0j dG to get0 < Z Hn(1�Hn) dG= �a2n Z (��H0)2 dG + Z �(1 � �) dG+ an Z (H0 ��) dG + 2an Z �(��H0) dG� �a2n Z (��H0)2 dG + Z �(1 ��) dG + 3an Z j��H0j dG� an(3� an)Z j��H0j dG + Z �(1 ��) dG <1:2. Take De�nition 2.1.1 to show thatZ h2n dG � 2(1� an)2 Z '2 dG + 2a2n Z h20 dG 2 L2(G); uniformly in n.The triangle inequality yields�� k hn k 2G � k ' k 2G �� �k hn � ' k 2G = a2n k h0 � ' k 2G = O(a2n):3. Consequence of the de�nition of hn(x).



133 Minimum Distance Estimation3.1 Description of the chapterThe aim of this chapter is to prove that a certain minimum distance estimator ~� ofan AR(1)-process Xin = �Xi�1;n+ "in with "in contaminated normal distributed,i.e. "in � Hn = (1 � an)� + anH0, is asymptotically normal distributed undersome assumptions.Since several lemmata are used more than once we divide the chapter in thefollowing way: de�nitions and lemmata (Chapter 3.2), propositions (Chapter3.3) and theorems (Chapter 3.4).The proof can be divided into four parts:Part 1We de�ne the original distance function Mn(t) asMn(t) := Z "n�1=2 nXi=1 Xi�1;n fI(Xin � tXi�1;n � x)� �(x)g#2 dG(x)= Z "n�1=2 nXi=1 Xi�1;n fI("in � x+ (t� �)Xi�1;n)� �(x)g#2 dG(x)and approximate it by a function M̂n(t), whose integrand is a quadratic form int, i.e.M̂n(t) := Z "n�1=2 nXi=1 Xi�1;n fI("in � x)� �(x) +Xi�1;nhn(x)(t� �)g#2 dG(x)= Z hn�1=2 nXi=1 Xi�1;nf[I("in � x)�Hn(x)]+ [Hn(x)� �(x)] +Xi�1;nhn(x)(t� �)gi2 dG(x):= Z [Wn(x; �) +Bn(x) + n�1=2XX2i�1;nhn(x)(t� �)]2 dG(x):Lemmata 2.2.10(2)/3.2.6/3.2.7/3.2.11 and Corollary 3.2.12 are used to show thatthis function M̂n(t) is well de�ned. Since it is a quadratic form it has a derivativeand we �nd a minimum, �̂, i.e.pn(�̂� �) = �R Wn(x; �) +Bn(x))hn(x) dG(x)Yn R h2n(x) dG(x) :



14 3 MINIMUM DISTANCE ESTIMATIONPart 2In the second part we prove the asymptotic distribution of pn(�̂� �) (Theorem3.4.1), which is a consequence of Proposition 3.3.9.To prove this theorem we need� bn ! k�0I1�� , (Corollary 3.2.9),� Yn ! 11��2 with Yn := n�1Pni=1X2i�1;n, (Corollary 3.2.13),� R Wn(x; �)hn(x) dG(x) � R Wn(x; �)'(x) dG(x), (Lemma 3.2.6),� R h2n(x) dG(x) � R '(x)2 dG(x), (Lemma 2.2.10 (2)).With these lemmata we can show thatpn(�̂� �) � �R Wn(x; �)'(x) dG(x)11��2 R '2(x) dG(x) � k�0I1��11��2 R '2(x) dG(x) :Furthermore R Wn(x; �)'(x) dG(x) = � 1pnPni=1Xi�1;nf ("in)� E ("in)g =: Snand Lemma 3.2.16 shows that fSn;Fi�1;ng with Fi�1;n = �(X0n; "0n; : : : ; "i�1;n)is a zero mean, square-integrable martingale array and so we can apply CorollaryB.18/Theorem B.17 to show that Sn is asymptotically normal distributed.Finally we need Proposition B.11 and Proposition B.12 to �nish the proof.Part 3Now we consider the di�erence jM̂n(t) �Mn(t)j and show that over a compactset h�� Bpn ; �+ Bpni and certain assumptions (Proposition 3.3.3)supt2h�� Bpn ; �+ Bpni jM̂n(t)�Mn(t)j = op(1): (3.1)Therefore M̂n(t) is a good approximation for Mn(t). Lemmata 3.2.6/3.2.7/3.2.11are tools that are needed for this proof.As special case we consider G(x) � x and show that one assumption of Proposi-tion 3.3.3 is trivially implied (Proposition 3.3.4).



3.2 De�nitions and Lemmata 15Part 4In part 3 we have proved that M̂n(t) is a good approximation for our originalfunction Mn(t) over a compact set h�� Bpn ; �+ Bpni. To get the asymptoticdistribution of ~� we have to be sure that the approximation (3.1) can be appliedif t = �̂ and t = ~�, because we need the equation op(1) = jM̂n(�̂) � Mn(~�)j.Therefore we must be sure, that �̂ and ~� are lying inside this compact interval,i.e. jpn(~�� �) j � B and jpn(�̂ � �) j � B;which is equivalent to check conditions (3.10) and (3.11) in Lemma 3.2.17. Theproofs of (3.10) and (3.11) are the contents of Proposition 3.3.6 and Proposition3.3.7.Since Mn(t) is well approximated by M̂n(t), and we know that �̂ and ~� are lyinginside the compact set h�� Bpn ; �+ Bpni, Theorem 3.4.4 guaranteespn(�̂ � ~�) = op(1):But this is equal to the statement, that �̂ and ~� have the same asymptotic dis-tributions. So ~� has asymptotic a normal distribution, too.3.2 De�nitions and LemmataDe�nition 3.2.1. De�ne the error integralMn(t) := Z "n�1=2 nXi=1 Xi�1;n fI("in � x+ (t� �)Xi�1;n)� �(x)g#2 dG(x);(3.2)where G(x) is a nondecreasing real valued function that is right continuous andhas left limits. Denote the integrand of Mn(t) asKn(x; t) := n�1=2 nXi=1 Xi�1;n fI("in � x+ (t� �)Xi�1;n)� �(x)g :De�nition 3.2.2. We de�ne the minimum distance estimator ~� of Mn(t) as~� = ~�n := argmint Mn(t): (3.3)Since the distribution of the f"ing still does not appear in the de�nition ofMn(t),we expand (3.2) withHn(x+ (t� �)Xi�1;n)�Hn(x)� (t� �)Xi�1;nhn(x):



16 3 MINIMUM DISTANCE ESTIMATIONSo Mn(t) becomesMn(t) = Z "n�1=2 nXi=1 Xi�1;n fI("in � x+ (t� �)Xi�1;n)�Hn(x+ (t� �)Xi�1;n)g+ n�1=2 nXi=1 Xi�1;n fHn(x+ (t� �)Xi�1;n)�Hn(x)� (t� �)Xi�1;nhn(x)g+ n�1=2 nXi=1 Xi�1;n fHn(x)��(x)g+ n�1=2 nXi=1 X2i�1;n(t� �)hn(x)#2 dG(x):(3.4)The termn�1=2 nXi=1 Xi�1;n fI("in � x+ (t� �)Xi�1;n)�Hn(x+ (t� �)Xi�1;n)grepresents a random weighted empirical process,n�1=2 nXi=1 Xi�1;n fHn(x+ (t� �)Xi�1;n)�Hn(x)� (t� �)Xi�1;nhn(x)gis the expansion of Hn up to order 2 around the point x,n�1=2 nXi=1 Xi�1;n fHn(x)��(x)gis a random weighted di�erence between the true distribution Hn and the modeleddistribution � and �nally n�1=2 nXi=1 X2i�1;n(t� �)hn(x)is the rest term.De�nition 3.2.3. WriteWn(x; t) := n�1=2 nXi=1 Xi�1;nfI("in � x+ (t� �)Xi�1;n)�Hn(x+ (t� �)Xi�1;n)g;Bn(x) := n�1=2 nXi=1 Xi�1;nfHn(x)� �(x)g:



3.2 De�nitions and Lemmata 17Rewriting (3.4) with these substitutions and expanding with Wn(x; �) we getMn(t) = Z hWn(x; t)�Wn(x; �)+ n�1=2XXi�1;n fHn(x+ (t� �)Xi�1;n)�Hn(x)� (t� �)Xi�1;nhn(x)g+ Wn(x; �) +Bn(x) + n�1=2XX2i�1;nhn(x)(t� �)i2 dG(x): (3.5)De�nition 3.2.4. De�ne the auxiliary functionM̂n(t) := Z "Wn(x; �) +Bn(x) + n�1=2 nXi=1 X2i�1;nhn(x)(t� �)#2 dG(x) (3.6)and let K̂n(x; t) := [Wn(x; �) +Bn(x) + Ynhn(x)pn(t� �)]2be the integrand where Yn := n�1 nXi=1 X2i�1;n: (3.7)De�nition 3.2.5. We de�ne the minimum distance estimator �̂ of M̂n(t) as�̂ = �̂n := argmint M̂n(t): (3.8)In Lemma 3.2.6 - Lemma 3.2.16 the terms of (3.5) are investigated. To prove thepropositions of Chapter 3.3 and the theorems of Chapter 3.4 it must be assuredthat each expression is at least bounded in probability.Lemma 3.2.6. Suppose R �(1��) dG <1, R j��H0j dG <1, R h20 dG <1,R '2 dG <1. Then Z W 2n (x; �) dG(x) = Op(1)and Z Wn(x; �)hn(x) dG(x) = Z Wn(x; �)'(x) dG(x) +Op(an):Proof. Consider De�nition B.16. Note that� EI("in � x) = Hn(x) for all i � n and all x 2 R and



18 3 MINIMUM DISTANCE ESTIMATION� EX = E(E(XjF)), (Breiman (1992), p. 75).Then with Lemma 2.2.10 we �ndEZ W 2n(x; �) dG(x) = 1n Z E nXi=1 Xi�1;n (I("in � x)�Hn(x))!2 dG(x)= EX20n Z Hn(x)(1�Hn(x)) dG(x)+ 2n Z Xi<j E fXi�1;nXj�1;n[I("in � x)�Hn(x)][I("jn � x)�Hn(x)]g= EX20n Z Hn(x)(1�Hn(x)) dG(x)+ 2n Z Xi<j E�E�Xi�1;nXj�1;n[I("in � x)�Hn(x)][I("jn � x)�Hn(x)]��Fj�1;n		= EX20n Z Hn(x)(1�Hn(x)) dG(x)+ 2n Z Xi<j E fXi�1;nXj�1;n[I("in � x)�Hn(x)]g E�[I("jn � x)�Hn(x)]��Fj�1;n	= EX20n Z Hn(x)(1�Hn(x)) dG(x) <1; uniformly in n � 1.The claim is then a consequence of Markov's inequality (Corollary B.8).For R Wn(x; �)hn(x) dG(x) we need the Cauchy-Schwarz inequality and the �rstpart of the lemma:����Z Wn(x; �) hn(x) dG(x)� Z Wn(x; �)'(x) dG(x)����= ����Z Wn(x; �)(hn(x)� '(x)) dG(x)�����sZ W 2n (x; �) dG(x)Z [hn(x)� '(x)]2 dG(x)= ansZ W 2n(x; �) dG(x)sZ [h0(x)� '(x)]2 dG(x)= Op(an):Lemma 3.2.7. Assume R (H0 � �)2 dG <1. ThenZ B2n(x)dG(x) = Op(na4n) +Op(a2n)



3.2 De�nitions and Lemmata 19where Bn(x) is as in De�nition 3.2.3.Proof. Use Markov's inequality (Corollary B.8) and Lemma 2.2.6(3) to showthatP  anpn ����� nXi=1 Xi�1;n����� � �! � a2n E (Pni=1Xi�1;n)2n"2 = O(a2n) +O(na4n): (3.9)With the assumption R (H0 � �)2 dG <1 and (3.9) we �ndZ B2n(x) dG(x) = n�1 nXi=1 Xi�1;n!2 Z [Hn(x)� �(x)]2 dG(x)= " anpn nXi=1 Xi�1;n#2 Z [H0(x)� �(x)]2 dG(x)= Op(na4n) +Op(a2n):Lemma 3.2.8. Suppose R j��H0j dG <1, R j��H0jh0 dG <1. With bn :=R Bn(x)hn(x) dG(x) we �ndP (jbn � Ebnj > �) � O(a2n):Proof. We will prove this lemma with the Chebychev inequality (Lemma B.9).Remember the de�ntion of Bn(x) (De�nition 3.2.3). De�neI := Z (H0(x)� �(x))'(x) dG(x);J := Z (H0(x)� �(x))('(x)� h0(x)) dG(x);Kn := anJ � I = O(1):Then we get bn = Z Bn(x)hn(x) dG(x) = anpnKn nXi=1 Xi�1;n:Now we calculate Ebn, i.e.Ebn = a2npn�01� � Kn;



20 3 MINIMUM DISTANCE ESTIMATIONand Eb2n, i.e.Eb2n = E�Z Bn(x)hn(x) dG(x)�2 = E� anpnXXi�1;nKn�2= a2nn K2n E�XXi�1;n�2= a2nn K2n n1� �2 +O(nan) + 2Xi<j � �j�i1 � �2 + �j�iO(an) + a2n�20(1� �)2�!= K2n� a2n1� �2 +O(a3n) +O(a2n) + (n � 1) a4n�20(1 � �)2�= K2n� na4n�20(1� �)2 +O(a2n)� :Therefore the variance of bn isVar bn = Eb2n � ( Ebn)2 = K2nO(a2n) = O(a2n):Putting together the three parts we �ndP (jbn � Ebnj > �) � 1�2 O(a2n):Corollary 3.2.9. If limn!1pna2n =: k < 1. Then, with the notations of theproof of Lemma 3.2.8, bn p! k�0I1� �:Proof. It is a consequence of the proof of Lemma 3.2.8.Remark 3.2.10. Note, that R B2n(x) dG(x) = Op(1) and Ebn = O(1) if an =O(n�1=4).Lemma 3.2.11. Assume that E�30, E�40 exist. ThenP (jYn � EYnj > �) � O(an) +O(n�1):Proof. We use the Chebyshev's inequality (Corollary B.9).Remember that EYn = 1n E nXi=1 X2i�1;n = 11� �2 +O(an):



3.2 De�nitions and Lemmata 21Note thatnXj=2 j�1Xi=1 �2(j�i) = �2�2 + �4(�1 + �2)2 � ��2(n+ 1) + �4(n+ 1)� �2(n+1)(�1 + �2)2 = O(n):With the results of Lemma 2.2.6 we can show thatEY 2n = 1n2 E nXi=1 nXj=1 X2i�1;nX2j�1;n= 1n2 nXi=1 EX4i�1;n + 1n2 EXi6=j X2i�1;nX2j�1;n= 1n2 nXi=1 EX4i�1;n + 1n2 nXj=2 j�1Xi=1 1 + 2�2(j�i)(1� �2)2+ 1n2 nXi=2 i�1Xj=1 1 + 2�2(i�j)(1� �2)2 +O(an)= O(n�1) + n(n� 1)n2(1 � �2)2 +O(an)= 1(1� �2)2 +O(an) +O(n�1)and Var Yn = EY 2n � ( EYn)2 = O(an) +O(n�1):Corollary 3.2.12. Suppose that E�30; E�40 exist. ThenEY 2n <1:Proof. It is a consequence of the proof of Lemma 3.2.11.Corollary 3.2.13. Let an = O(n�1=4). ThenYn p! 11� �2 :Proof. It is a consequence of Lemma 3.2.11.To prove Lemma 3.2.16 we introduce a new function  and the random variables�in, Zin and Sn.



22 3 MINIMUM DISTANCE ESTIMATIONDe�nition 3.2.14. Assume ' 2 L1(G) and de�ne (x) := Z x�1 '(y) dG(y); x 2 R;�in := �n�1=2Xi�1;nf ("in)� E ("in)g;Zin :=  ("in)� E ("in);Sn := nXi=1 �in:Lemma 3.2.15. The random variable Zin is uniformly bounded and has �nitevariance.Proof. De�ne K :=  (1) and note, that  (x) is a nondecreasing, positive andbounded function. Then0 � E ("in) � E (1) = K <1;0 � E 2("in) � E 2(1) = K2 <1:For Zin we therefore �ndEZin = 0;jZinj = j ("in)� E ("in)j � K;EZ2in = E 2("in)� ( E ("in))2 � K2:Lemma 3.2.16. Assume that an ! 0 as n ! 1. Consider the notation ofDe�nition 3.2.14. We �nd Sn d�! N �0; �2 1 � �2� ;with �2 := EZ20n as n!1.Proof. Consider the integral R Wn(x; �)'(x) dG(x). We �ndZ Wn(x; �)'(x) dG(x) = Z "n�1=2Xi Xi�1;n fI("in � x)�Hn(x)g# d (x)= n�1=2Xi Xi�1;n� (1)�  ("in)� Z Hn(x) d (x)�= n�1=2Xi Xi�1;n�� ("in) + Z (1�Hn(x)) d (x)�= �n�1=2Xi Xi�1;n� ("in)� Z  (x) dHn(x)�



3.2 De�nitions and Lemmata 23= �n�1=2Xi Xi�1;nf ("in)� E ("in)g=:Xi �in =: Sn:Now fSn;Fi�1;ng with Fi�1;n = �(X0n; "0n; : : : ; "i�1;n) is a zero mean, square-integrable martingale array. To use Corollary B.18 we need to check the assump-tions (B.4), (B.5), (B.6).(B.4) ok.(B.5) Let Zin =  ("in) � E ("in). Lemma 3.2.15 showed that maxi jZinj =: L isbounded and EZ2in = O(1). ThenXi E��2inI(j�inj > �)���Fi�1;n�= n�1Xi E�X2i�1;nZ2inI(jXi�1;nZinj > n1=2�)���Fi�1;n�� n�1Xi X2i�1;n E�L2I(jXi�1;nLj > n1=2�)���Fi�1;n�= n�1Xi X2i�1;nL2I �jXi�1;nj > n1=2�L �! 0;since I �jXi�1;nj > n1=2�L �! 0 as n!1.(B.6) First we calculate EZ2in. Since the "in are i.i.d. contaminated normal we getEZ2in = Var  ("in) = E 2("in)� [ E ("in)]2= Z  2'dx � an Z  2('� h0) dx��Z  'dx� an Z  ('� h0) dx�2= Z  2 d���Z  d��2 +O(an):The conditional expectation of �2in given Fi�1;n isnXi=1 E(�2injFi�1;n) = nXi=1 E(n�1X2i�1;nZ2injFi�1;n)= n�1 nXi=1 X2i�1;n EZ20n p! �2 1 � �2 :



24 3 MINIMUM DISTANCE ESTIMATIONSo the assumptions of Theorem B.17 are satis�ed and the statement is proved.Finally three lemmata are used to prove the Main Theorem (Theorem 3.4).Lemma 3.2.17. Let fn be a sequence of stochastic functions and
n := argmint fn(t):The conditions� 8 � > 0, there exist a 0 < k� <1 and N1 = N1(�), such that for all n � N1,P ( j fn(�) j � k�) � 1 � �; (3.10)� 8 0 < � < 1 and � > 0 there exist a N2 = N2(�; �) and a b = b(�; �), suchthat for all n � N2;P 0@ inft2h�� bpn ;�+ bpnic fn(t) � �1A � 1� �; (3.11)imply jn1=2(
n � �)j = Op(1):Proof. Suppose � > k�. Thenfn : jfn(�)j � k�g \ fn : infjhj>b fn(�+ n�1=2h) � �g= fn : jfn(�)j � k�; infjhj>b fn(�+ n�1=2h) � �g� fn : infjhj�b fn(�+ n�1=2h) � k�; infjhj>b fn(� + n�1=2h) � �g� fn : infjhj>b fn(�+ n�1=2h) > infjhj�b fn(� + n�1=2h)g:So, for all n � maxfN1; N2g the in�mum outside the intervall [�b; b ] is greaterthan inside and therefore jn1=2(
n � �)j = Op(1).Lemma 3.2.18. Let f and g be bounded functions. Thenj infx f(x)� infx g(x)j � supx jf(x)� g(x)j:Proof. Assume that d := j inf f � inf gj > sup jf � gj. Without loss of generalityinf f > inf g. Then there exist � > 0 with d > sup jf � gj + � and a y so thatjg(y)� inf gj < � and inf f > g(y). Thenf(y)� g(y) + � = jf(y)� g(y)j+ � � sup jf � gj+ � < d= j inf f � g(y) + g(y)� inf gj� j inf f � g(y)j+ jg(y)� inf gj� inf f � g(y) + �:So f(y) < inf f , which is a contradition.



3.3 Propositions 25Lemma 3.2.19. Let Ui be a stationary sequence of random variables and EU20 <1. Then max1�i�n jUijpn = op(1):Proof. Since EU20 exists we getP �maxi jUijpn > #� � nXi=1 P (jUij > #pn) = nP (jU0j > #pn)� 1#2 EU20 I(jU0j > #pn)! 0; as n!1:3.3 PropositionsNow we will compare the two functions Mn(t) and M̂n(t). With the results ofLemma 3.2.6 - Lemma 3.2.16 we are able to prove Proposition 3.3.3.De�nition 3.3.1. We use following notations:An(x; t) :=Wn(x; t)�Wn(x; �);Cn(x; t) := n�1=2 nXi=1 Xi�1;nfHn(x+ (t� �)Xi�1;n)�Hn(x)� (t� �)Xi�1;nhn(x)g;Dn(x; t) :=Wn(x; �) + n�1=2XX2i�1hn(x)(t� �):De�nition 3.3.2. Let Vn (�;B) := ��� Bpn; � + Bpn�and V cn (�;B) := RnVn (�;B) :Proposition 3.3.3. Assume thath0; ' 2 L2(G);(H0 � �);�(1 � �) 2 L1(G);E�40; E�30 exist;0 < B <1;supt2Vn(�;B)Z C2n(x; t) dG(x) = op(1);an = O(n�1=4):



26 3 MINIMUM DISTANCE ESTIMATIONThen supt2Vn(�;B) jMn(t)� M̂n(t)j = op(1); (3.12)or equivalent supjuj�B jMn(�+ n�1=2u)� M̂n(�+ n�1=2u)j = op(1): (3.13)Proof. Consider De�nitions 3.2.3 and 3.3.1. WriteMn(t) = Z (An(x; t) + Cn(x; t) +Dn(x; t) +Bn(x))2 dG;M̂n(t) = Z (Dn(x; t) +Bn(x))2 dG:ThenMn(t)� M̂n(t) =Z �A2n(x; t) + C2n(x; t)� dG(x) ++ 2Z An(x; t)(Bn(x) + Cn(x; t) +Dn(x; t)) dG(x) ++ 2Z Cn(x; t)(Bn(x) +Dn(x; t)) dG(x):In Koul (1992) (Lemma 7.4.3) it is shown, that supVn(�;B) R A2n(x; t) dG(x) =op(1). Lemma 3.2.7 with Remark 3.2.10 assures that R B2n(x) dG(x) = Op(1).Sincesupt2Vn(�;B)Z D2n(x; t) dG(x) � 2Z W 2n(x; �) dG(x) ++ 2 supt2Vn(�;B) jn1=2(t� �)j2 Y 2n Z h2n(x) dG(x) (3.14)is Op(1) (Lemma 3.2.6, Corollary 3.2.12 and 0 < B < 1), the proposition is aconsequence of the Cauchy-Schwarz inequality. So we havesupt2Vn(�;B) jMn(t)� M̂n(t)j = op(1):Proposition 3.3.4. Consider the case G(x) � x. Assume thatZ (supjvj�s jh0(x+ v)� h0(x)j)2 dx! 0; as s! 0: (3.15)Then supt2Vn(�;B)Z C2n(x; t) dG(x) = op(1):



3.3 Propositions 27Proof. Write u = t� � and start with the expressionCn(x; u+ �) = n�1=2 nXi=1 Xi�1;n fHn(x+ uXi�1;n)�Hn(x)� uXi�1;nhn(x)g= (1 � an)n�1=2 nXi=1 Xi�1;n f�(x+ uXi�1;n)� �(x)� uXi�1;n'(x)g+ ann�1=2 nXi=1 Xi�1;n fH0(x+ uXi�1;n)�H0(x)� uXi�1;nh0(x)g=: (1� an)C�n(x; u+ �) + anC��n (x; u+ �):Now with the inequality (a+ b)2 � 2a2 + 2b2 we obtainZ [Cn(x; u+�)]2 dx � 2(1�an)2 Z [C�n(x; u+ �)]2 dx+2a2n Z [C��n (x; u+ �)]2 dx:The next step consists in showing that both parts on the right side are convergingto zero in probability when taking the supremum over jn1=2uj � B.Consider the second term �rst. To begin with we have the representationH0(x+ tv)�H0(x) = v Z t0 h0(x+ sv) ds; 8 t > 0; �1 < x; v <1:Also note thatsupjuj� Bpn Z (C��n (x; u+ �))2 dx = supjtj�B Z �C��n (x; tn�1=2 + �)�2 dx:Now write, for a t > 0; �1 < x <1,C��n (x;tn�1=2 + �)= n�1=2 nXi=1 Xi�1;n �H0(x+ t n�1=2Xi�1;n)�H0(x)� t n�1=2Xi�1;nh0(x)	= n�1 nXi=1 X2i�1;n Z t0 �h0(x+ s n�1=2Xi�1;n)� h0(x)	 ds:Therefore, for all 0 < t � B and for all real x,jC��n (x; tn�1=2 + �)j � n�1 nXi=1 X2i�1;n Z B0 ��h0(x+ s n�1=2Xi�1;n)� h0(x)�� ds:One obtains a similar bound for �B � t � 0. Putting these bounds together weobtain that for all jtj � B and for all real x,jC��n (x; tn�1=2 + �)j � n�1 nXi=1 X2i�1;n Z B�B ��h0(x+ s n�1=2Xi�1;n)� h0(x)�� ds:



28 3 MINIMUM DISTANCE ESTIMATIONNow let An;� := [max1�i�n n�1=2jXi�1;nj � �]. Note that on An;�,jC��n (x; tn�1=2 + �)j � 2B n�1 nXi=1 X2i�1;n supjvj��B jh0(x+ v)� h0(x)j ;so thatsupjtj�B Z �C��n (x; tn�1=2+ �)�2 dx� 4B2 "n�1 nXi=1 X2i�1;n #2 Z ( supjvj��B jh0(x+ v)� h0(x)j)2 dx= op(1);by (3.15) and by Lemma 3.2.11 which guarantees that n�1Pni=1X2i�1;n = Op(1);and by the fact that for every � > 0, P (An;�)! 1, which inturn follows from thefact max1�i�n jXi�1;njpn = op(1):Now, in the case h0 = ', then the left hand side of (3.15) satis�es, in view of theCauchy-Schwarz inequality and Fubini's Theorem,Z (supjvj�s j'(x+ v)� '(x)j)2 dx � Z �Z s�s '0(x+ t) dt�2 dx� 2sZ Z s�s['0(x+ t)]2 dt dx= 4s2 Z ['0(x)]2 dx = o(1); as s! 0:So (3.15) is a priori satis�ed by the normal density and hence by an argumentsimilar to the above one obtainssupjtj�B Z �C�n(x; tn�1=2 + �)�2 dx = op(1):Thus the proposition follows.Proposition 3.3.5. With the assumptions of Proposition 3.3.3 we �nd��� inft2Vn(�;B)M̂n(t)� inft2Vn(�;B)Mn(t)��� = op(1):Proof. It is a consequence of Lemma 3.2.18 and Proposition 3.3.3.Proposition 3.3.6. With the assumptions of Proposition 3.3.3



3.3 Propositions 291. M̂n(�) and2. Mn(�)satisfy the condition (3.10).Proof. 1. It is a consequence of Lemmata 3.2.7 and 3.2.6.2. It is a consequence of Proposition 3.3.3 and 1.Proposition 3.3.7. With the assumptions of Proposition 3.3.31. M̂n(t) and2. Mn(t)satisfy the condition (3.11).Proof. 1. De�ne the functionŜn(x; t) :=Wn(x; �) +Bn(x) + Ynhn(x)pn(t� �)which is nondecreasing in t since Yn � 0. With the Cauchy-Schwarz inequalitywe �nd �Z Ŝn(x; t)'(x) dG(x)�2 � Z Ŝ2n(x; t) dG(x)Z '2(x) dG(x)and so M̂n(t) � �R Ŝn(x; t)'(x) dG(x)�2R '2(x) dG(x) ; 8t:De�ne T̂n(t) := R Ŝn(x; t)'(x) dG(x). It is obvious that T̂n(t) is a(a) nondecreasing function in t for every n,(b) inf t T̂n(t) < 0 and supt T̂n(t) > 0 for every n.For the next steps we use the inequalitiesja+ bj � ���jaj � jbj��� � jbj � jaj:As a consequence of Lemmata 3.2.6 and 3.2.7 for any � > 0 there exist a N 0�and a K� such thatP ���� Z [Wn(x; �) +Bn(x)]'(x) dG(x)��� � K�� � 1 � �=2; 8n � N 0�:



30 3 MINIMUM DISTANCE ESTIMATIONChoose B � K� + (z R '2 dG)1=2Yn R hn'dGand de�ne E := ��� Bpn; �+ Bpn� ;V cn (�;B) = ��� Bpn; � + Bpn�c :ThenP  inf t2EfT̂ 2n(t)gR '2 dG � z! = P  inft2E jT̂n(t)j � �z Z '2 dG�1=2!� P �inft2E ���� ��� Z [Wn(x; �) +Bn(x)]'(x) dG(x) ���� ���pn(t� �)Yn Z hn(x)'(x) dG(x)��� ���� � �z Z '2 dG�1=2!� P ����� ��� Z [Wn(x; �) +Bn(x)]'(x) dG(x) ���� B Yn Z hn(x)'(x) dG(x) ���� � �z Z '2 dG�1=2!� P �� ����Z [Wn(x; �) +Bn(x)]'(x) dG(x)����� �z Z '2 dG�1=2 �B Yn Z hn(x)'(x) dG(x)!= P �����Z [Wn(x; �) +Bn(x)]'(x) dG(x)����� B Yn Z hn(x)'(x) dG(x)��z Z '2 dG�1=2!� P �����Z [Wn(x; �) +Bn(x)]'(x) dG(x)���� � K��� 1 � �=2; 8n � N 0�:Since T̂n(t) is a nondecreasing function we conclude thatP  inf t2EfT̂ 2n(t)gR '2 dG � z! � P  inf t2V cn(�;B)fT̂ 2n(t)gR '2 dG � z! :



3.3 Propositions 312. We divide the proof in several parts.(a) Consider the functionSn(x; t) := n�1=2 nXi=1 Xi�1;nfI("in � x+ (t� �)Xi�1;n)� �(x)g:As a consequence of the Cauchy-Schwarz inequality we �nd�Z Sn(x; t)'(x) dG(x)�2 � Z S2n(x; t) dG(x)Z '2(x) dG(x)and so Mn(t) � �R Sn(x; t)'(x) dG(x)�2R '2(x) dG(x) ; 8t:(b) De�neTn(t) := Z Sn(x; t)'(x) dG(x)= n�1=2XXi�1;n Z fI("i � x+ (t� �)Xi�1;n)� �(x)g'(x) dG(x)=: n�1=2XXi�1;nQ(t):Now we show that Tn(t) has the following properties:i. nondecreasing function in t for every n,ii. inf t Tn(t) < 0 and supt Tn(t) > 0 for every n,iii. supt2Vn(�;B) jT̂n(t)� Tn(t)j = op(1) for every n.i. We decompose Tn(t) := T1;n(t) + T2;n(t), whereT1;n(t) := n�1=2XXi�1;nI(Xi�1;n � 0)Q(t);T2;n(t) := n�1=2XXi�1;nI(Xi�1;n < 0)Q(t):Assume t1 � t2.� Xi�1;n � 0: Then t1Xi�1;n � t2Xi�1;n. So T1;n(t1) � T1;n(t2).� Xi�1;n < 0. We �ndt1Xi�1;n � t2Xi�1;n=) I("in � x+ (t1 � �)Xi�1;n)� �(x)� I("in � x+ (t2 � �)Xi�1;n)� �(x)=) Xi�1;n(I("in � x+ (t1 � �)Xi�1;n)� �(x))� Xi�1;n(I("in � x+ (t2 � �)Xi�1;n)� �(x))=) T2;n(t1) � T2;n(t2):



32 3 MINIMUM DISTANCE ESTIMATIONSo Tn(t) is nondecreasing in t.ii. We decompose again Tn(t) = T1;n(t) + T2;n(t) as in the part 2(b)i and seethat limt!�1 Tn(t) < 0 and limt!1 Tn(t) > 0.iii. For any 0 < B <1 and with the Cauchy-Schwarz inequality and proof ofProposition 3.3.3 we getsupt2Vn(�;B) jT̂n(t)� Tn(t)j = supt2Vn(�;B) ����Z [An(x; t) + Cn(x; t)]'(x) dG(x)����� 2 supt2Vn(�;B)Z A2n(x; t)'2(x) dG(x)+ 2 supt2Vn(�;B)Z C2n(x; t)'2(x) dG(x)= op(1):Since Tn(t) is nondecreasing in t there exists a N 00� such that for all n � N 00�P � inf t2V cn(�;B)fT 2n(t)gR '2 dG � z� � P � inf t2EfT 2n(t)gR '2 dG � z�� P  inf t2EfT̂ 2n(t)gR '2 dG � z! � �=2� 1� �; 8n � maxfN 0�; N 00� g:The last step is a consequence of 1.Corollary 3.3.8. The estimators ~� and �̂ are satisfyingjpn(~�� �)j � B <1;jpn(�̂� �)j � B <1:Proof. The functionsMn(t) and M̂n(t) satisfy (3.10) and (3.11), see Proposition3.3.6 and Proposition 3.3.7. Therefore the Corollary is a consequence of Lemma3.2.17.Proposition 3.3.9. With the assumptions of Proposition 3.3.3 the argmin �̂ ofM̂n(t) is given bypn(�̂� �) = �R (Wn(x; �) +Bn(x))hn(x) dG(x)Yn R h2n(x) dG(x) : (3.16)



3.4 Theorems 33Proof. Note that Z (Bn(x) +Wn(x; �))2 dG(x) = Op(1)and Z (Bn(x) +Wn(x; �))hn(x) dG(x) = Op(1);which are consequences of Lemmata 3.2.6, 3.2.7 and the Cauchy-Schwarz inequal-ity. Now consider (3.6). We getM̂n(t) = Z �Bn(x) +Wn(x; �) + Ynpn(t� �)hn(x)�2 dG(x)= Z [Bn(x) +Wn(x; �)]2 dG(x)+ 2Ynpn(t� �)Z [Bn(x) +Wn(x; �)]hn(x) dG(x)+ (Ynpn(t� �))2 Z h2n(x) dG(x) (3.17)and di�erentiating with respect to tdM̂n(t)dt = 2Ynpn Z (Bn(x) +Wn(x; �))hn(x) dG(x)+ 2Y 2n n(t� �)Z h2n(x) dG(x) != 0;so the minimum ispn(�̂� �) = �R (Bn(x) +Wn(x; �))hn(x) dG(x)Yn R h2n(x) dG(x) :Remark 3.3.10. The right side of (3.6) isM̂n(t) = M̂n(�) + M̂ 0n(�)(t� �) + M̂ 00n(�)(t� �)22 :3.4 TheoremsTheorem 3.4.1. With k := limn!1pna2n,  (x) = R x�1 '(y) dG(y) and the as-sumptions of Proposition 3.3.3, the expression pn(�̂��) converges in distribution,i.e.pn(�̂��) d! N  �k�0(1 + �) R (H0(x)� �(x))'(x) dG(x)R '2(x) dG(x) ; �2 (1� �2)�R '2(x) dG(x)�2! ;



34 3 MINIMUM DISTANCE ESTIMATIONwhere limn!1Var  ("in) = �2 = Z  2 d���Z  d��2 :Proof. Since an = O(n�1=4) we are sure that k = O(1). We have shown inLemma 3.2.16 thatZ Wn(x; �)'(x) dG(x) = Sn ! N �0; �2 1� �2� :Consider the term (3.16)pn(�̂� �) = �R Wn(x; �)hn(x) dG(x)Yn R h2n(x) dG(x) � R Bn(x)hn(x) dG(x)Yn R h2n(x) dG(x)= �R Wn(x; �)'(x) dG(x) +Op(an)Yn R '2(x) dG(x) +O(a2n) � R Bn(x)hn(x) dG(x)Yn R '2(x) dG(x) +O(a2n)= � Sn +Op(an)Yn R '2(x) dG(x) +O(a2n) � bnYn R '2(x) dG(x) +O(a2n)= � SnYn R '2(x) dG(x) +O(a2n)� bnYn R '2(x) dG(x) +O(a2n) +Op(an):Since an = O(n�1=4), we have Yn p! 11��2 (Corollary 3.2.13), bn p! k�0 R (H0��)'dG1��(Corollary 3.2.9) which yieldsYn Z '2(x) dG(x) +O(a2n) p! R '2(x) dG(x)1� �2 ;bnYn R '2(x) dG(x) +O(a2n) p! k�0(1 + �) R (H0 � �)'dGR '2(x) dG(x) :The conclusion follows with Proposition B.11, Proposition B.12 and Remark B.10.Corollary 3.4.2. If G(x) � x thenpn(�̂� �) d! N ��2p�k�0(1 + �)Z (H0(x)� �(x))'(x) dx; �3 (1� �2)� :Proof. Note that with  (x) = �(x) we �ndZ  2 d� = 13 ; Z '2(x) dx = 12p�;Z  (x)'(x) dx = 12 ; �2 = 112 :Then the Corollary is a consequence of Theorem 3.4.1.



3.4 Theorems 35Corollary 3.4.3. If an = o(n�1=4) thenpn(�̂� �) d! N  0; �2 (1 � �2)�R '2 dG�2! :Proof. If an = o(n�1=4) then k = o(1). The rest is a consequence of Theorem3.4.1.Theorem 3.4.4. With the assumptions of Proposition 3.3.3 it follows thatpn(�̂ � ~�) = op(1):Proof. With Propositions 3.3.5 and 3.3.3 we getjM̂n(~�)� M̂n(�̂)j � jM̂n(~�)�Mn(~�) +Mn(~�)� M̂n(�̂)j� jM̂n(~�)�Mn(~�)j+ jMn(~�)� M̂n(�̂)j� supt2Vn(�;B) jM̂n(t)�Mn(t)j+ jMn(~�)� M̂n(�̂)j= op(1): (3.18)Since the last inequality holds with probability 1 � �, � > 0, we must chooseB = B(�) su�ciently large.Equation (3.16) shows thatpn(�̂ � �)Yn Z h2n(x) dG(x) = �Z [Wn(x; �) +Bn(x)]hn(x) dG(x): (3.19)Remember that Yn = 1nPni=1X2i�1;n. Consider (3.17) and use (3.19) to writeM̂n(t) = M̂n(�) + 2pn(t� �)Yn Z [Wn(x; �) +Bn(x)]hn(x) dG(x)+ Y 2n n(t� �)2 Z h2n(x) dG(x)= M̂n(�)� 2n(t� �)(�̂� �)Y 2n Z h2n(x) dG(x)+ n(t� �)2Y 2n Z h2n(x) dG(x): (3.20)



36 3 MINIMUM DISTANCE ESTIMATIONNow we start with (3.18) and use (3.20) to getop(1) = �� M̂n(~�)� M̂n(�̂)��= ��� 2nY 2n Z h2n(x) dG(x) ��(~�� �)(�̂� �) + (�̂� �)2�+ nY 2n Z h2n(x) dG(x) �(~�� �)2 � (�̂� �)2� ���= ���nY 2n Z h2n(x) dG(x) ��2(~�� �)(�̂� �) + (�̂� �)2 + (~�� �)2� ���= �pn(�̂� ~�)�2 Y 2n Z h2n(x) dG(x)= �pn(�̂� ~�)�2Op(1):Since �̂ is asymptotically normal distributed we conclude that ~� is asymptoticallynormal distributed, too.



374 MDE versus least square estimatorWe want to compare the least square estimator with the minimum distance esti-mator.4.1 Least-square estimatorLemma 4.1.1. The least square estimator in an AR(1)-process is~�LS = ~�LS(n) = Pni=1XinXi�1;nPni=1X2i�1;n :Theorem 4.1.2. Let ~�LS be the least square estimator in an AR(1)-process Xi =�Xi�1 + "i, where "i are standard normal distributed. Thenpn(~�LS � �) d! N(0; 1 � �2):Proof. Brockwell and Davis (1993), p. 259 states the result, the proof can befound on p. 386-396.Corollary 4.1.3. Let Xi = �Xi�1+"i be an AR(1)-process, where "i are standardnormal distributed. Then1pn nXi=1 Xi�1"i d! N �0; 11� �2� :Proof. Start with1pn nXi=1 Xi�1"i = 1pn  nXi=1 XiXi�1 � � nXi=1 X2i�1!= 1pn  Pni=1XiXi�1Pni=1X2i�1 nXi=1 X2i�1 � � nXi=1 X2i�1!= pn�Pni=1XiXi�1Pni=1X2i�1 � �� 1n nXi=1 X2i�1:Now 1n nXi=1 X2i�1 p! 11 � �2and pn�Pni=1XiXi�1Pni=1X2i�1 � �� d! N(0; 1 � �2):The claim is then a consequence of Proposition B.11 and Proposition B.12.



38 4 MDE VERSUS LEAST SQUARE ESTIMATORProposition 4.1.4. Suppose an = O(n�1=4). Let ~�LS be the least square estima-tor in an AR(1)-process Xin = �Xi�1;n + "in, where "in are contaminated normaldistributed. Then with k := limn!1pna2n we �ndpn(~�LS � �) d! N �k�20(1 + �); 1 � �2� :Proof. Consider pn(~�LS � �) = n�1=2Pni=1Xi�1;n"inn�1Pni=1X2i�1;n =: NnDn :First we examine the denominatorDn = 1n nXi=1 X2i�1;n = Yn:Corollary 3.2.13 shows that Dn p! 11� �2 :The nominator isNn = 1pn nXi=1 Xi�1;n"in= 1pn nXi=1 h ~Xi�1 + X̂i�1;ni [(1� Uin)�i + Uin�i]= 1pn hX ~Xi�1�i �X ~Xi�1Uin�i +X ~Xi�1Uin�i +X X̂i�1;n�i�X X̂i�1;nUin�i +X X̂i�1;nUin(�i � �0) +X X̂i�1;nUin�0iWe have to analyse all these terms and start with the most important:(a) With Corollary 4.1.3 we see that1pn nXi=1 ~Xi�1�i d! N �0; 11� �2� :(b) Corollary 2.2.9 proves that1pnX X̂i�1;nUin p! k�01� �:



4.2 Comparison 39(c) Consider R := 1pn nXi=1 X̂i�1;nUin(�i � �0):It is easy to see that ER = 0.In order to use Chebychev's inequality we have to determine the variance ofR. Since �j is independent of X̂j�1;n and Ujn the second moment isE 1pn nXi=1 X̂i�1;nUin(�i � �0)!2= 1n E nXi=1 X̂2i�1;nUin(�i � �0)2 + 2Xi<j X̂i�1;nX̂j�1;nUinUjn(�i � �0)(�j � �0)!= EX̂20n EUin(�i � �0)2 = O(a2n):Putting together the parts we �nd R p! 0.(d) All other expressions are converging to 0 in probability, too. The proofs followsimilar steps.Putting together parts (a) - (d) we getNn d! N � k�201 � � ; 11 � �2�and hence the claim.Note that from Theorem 3.4.1 we may writepn(�̂��) d! N  �k�0(1 + �) R (H0(x)� �(x))'(x) dG(x)R '2(x) dG(x) ; �2 (1� �2)�R '2(x) dG(x)�2! :4.2 ComparisonProposition 4.2.1. The asymptotic bias of the least square estimator pn(~�LS��) is greater than that of the minimum distance estimator pn(�̂� �), ifj�0j > ��R (H0(x)� �(x))'(x) dG(x)��R '2(x) dG(x) :Proof. It is a consequence of Theorem 3.4.1 and Proposition 4.1.4.



40 4 MDE VERSUS LEAST SQUARE ESTIMATORCorollary 4.2.2. Consider the case G(x) � x. ThenZ �(x)'(x) dx = 12 ;Z '2(x) dx = 12p� :In this case the asymptotic bias of the least square is greater than that of theminimum distance estimator ifj�0j > 2p� ��� Z H0(x)'(x) dx� 1=2���: (4.1)Lemma 4.2.3. If b 6= 0, e > 0 thenZ '(a+ bx)�(c+ ex) dx = 1jbj�� c=e� a=b(1=e2 + 1=b2)1=2� :Proof. Cain (1994) p. 124f.Lemma 4.2.4. The taylor expansion of �(x) is�(x) = 12 + 1p2� 1Xn=0 (�1)nx2n+1n!2n(2n+ 1) :For jxj < p� the sequence jfn(x)j := ���� x2n+1n!2n(2n + 1)����is monoton nonincreasing and sgn f1(x) = sgn x.Proof. Abramowitz and Stegun (1968), p. 932.The second part follows immediateley fromj fn+1(x) j = ���� x2(n+1)+1(n+ 1)!2n+1(2n + 3)���� = ���� x2n+1n!2n(2n+ 1) (2n+ 1)x22(n+ 1)(2n + 3)����< j fn(x) j x22(n + 1) < j fn(x) j �2(n+ 1) < j fn(x) j; 8n:Corollary 4.2.5. Let H0(x) be a normal distribution function with mean �0 andvariance �20. Then the bias of the asymptotic distribution of the minimum distanceestimator is less than that of the least square estimator if� j�0j > p� or



4.2 Comparison 41� �0 � 1 and 0 6= j�0j � p�.Proof. Let us start withZ H0(x)'(x) dx = Z ��x� �0�0 �'(x) dx = � ��0p1 + �20! ; (4.2)which is a consequence of Lemma 4.2.3.Now we consider the inequality (4.1) and use expression (4.2):j�0j > 2p� ������ ��0p�20 + 1!� 12 ����� : (4.3)Since j1=2 � �(x)j � 1=2 for all x, the right side of (4.3) is smaller or equal p�.� Therefore if j�0j > p� the conclusion remains true.� Let 0 < �0 � p�. Then we have to satisfy the condition�0 �p� + 2p�� ��0p�20 + 1! > 0:As a consequence of Lemma 4.2.4 we get� ��0p�20 + 1! = 12 + 1p2� ��0p�20 + 1 + 1p2� 1Xn=1 (�1)n� ��0p�20+1�2n+1n!2n(2n + 1)� 12 + 1p2� ��0p�20 + 1 � 12 + ��02p�;and the case 0 < �0 � p� is proved.Consider the case �p� � �0 < 0. Then (4.3) yields��0 �p� + 2p�� ��0p�20 + 1! > ��0 > 0:



42 5 APPLICATION5 ApplicationIn this chapter we suppose that n is a �xed number!5.1 General CaseDe�nition 5.1.1. Letf�(x) := 12 � lim�!0+ f(tj + �) + lim�!0+ f(tj � �)� ;gi�1 := g(Xi�1):De�nition 5.1.2. Assume that� c1 < minjfXjg < maxifXig < c2,� g is a bounded function with �nite number of jumps and� F (x) is any distribution function withZ F (x)(1� F (x)) dx <1and a continuous density function f(x).We de�ne the functionMn(t) :=Z "n�1=2 nXi=1 gi�1 fI(Xi � x+ tXi�1)� F (x)g#2 dx =: Z S2n(x; t) dx:(5.1)Lemma 5.1.3. Mn(t) exists for all t.Proof.Mn(t) = Z minifXi�tXi�1g�1 hn�1=2X gi�1F (x)i2 dx+ Z maxifXi�tXi�1gminifXi�tXi�1g S2n(x; t) dx+ Z 1maxifXi�tXi�1g hn�1=2X gi�1(1� F (x))i2 dx: (5.2)Each part of this integral is bounded, so Mn(t) exists.Lemma 5.1.4. The function Mn(t) is continuous for all n.



5.1 General Case 43Proof. Let f(t) := n�1=2Pk gk�1(I(Xk � x + tXk�1) � F (x)). We choose asequence tm converging to t0. With jf(tm) + f(t0)j � 2n�1=2P jgi�1j := d we getjMn(tm)�Mn(t0)j � Z jf2(tm)� f2(t0)j dx= Z jf(tm) + f(t0)j jf(tm)� f(t0)j dx� dZ jf(tm)� f(t0)j dx� dn�1=2 Z Xk ���gk�1(I(Xk � x+ tmXk�1)� I(Xk � x+ t0Xk�1)��� dx= dn�1=2Xk ���gk�1(tm � t0)Xk�1���= dn�1=2jtm � t0jXk jgk�1Xk�1j ! 0:hence for tm ! t0 it follows that jMn(tm)�Mn(t0)j ! 0.Lemma 5.1.5. The function Mn(t) is piecewise di�erentiable. The nondi�eren-tiable points are of the form t = Xi�XkXi�1�Xk�1 for all i; k with Xi�1 6= Xk�1.Proof. For the proof we use Proposition A.1. Consider equation (5.2). The�rst and the third term are special cases of the second one. So let Hn(t) be theparameter integral over the �nite intervall [a; b], where a := minlfXl � tXl�1g,b := maxlfXl � tXl�1g.Note that for any i; j we haveminl fXl � tXl�1g � maxfXi � tXi�1;Xj � tXj�1g � maxl fXl � tXl�1g:If Xi�1 = Xj�1 then maxfXi � tXi�1;Xj � tXj�1g = maxfXi;Xjg � tXi�1 andis therefore di�erentiable for all t. So let Xi�1 6= Xj�1.Hn(t) = Z ba S2n(x; t) dx = 1n Z ba  nXi=1 gi�1(I(Xi � x+ tXi�1)� F (x))!2 dx= 1n Z ba nXi;j=1 gi�1gj�1(I(Xi � x+ tXi�1)I(Xj � x+ tXj�1)� 2I(Xi � x+ tXi�1)F (x) + F 2(x)) dx:



44 5 APPLICATIONOmiting the sums and the function g, which are independent of t, we �nd threedi�erent kinds of terms:Term 1: Z ba I(Xi � x+ tXi�1)I(Xj � x+ tXj�1) dx= Z ba I(maxfXi � tXi�1;Xj � tXj�1g � x) dx= Z bmaxfXi�tXi�1;Xj�tXj�1g dx= maxl fXl � tXl�1g �maxfXi � tXi�1;Xj � tXj�1gis di�erentiable for all t =2 � Xi �XjXi�1 �Xj�1� :Term 2: Z ba F (x)I(Xi � x+ tXi�1) dx= Z b+tXi�1a+tXi�1 F (y � tXi�1)I(Xi � y) dy= Z b+tXi�1Xi F (y � tXi�1) dywhich is also di�erentiable for the same values of t as in term 1. For the lastequation we used the fact, that for all imaxfminl fXl � tXl�1g+ tXi�1;Xig = Xi:Term 3: analogue.Theorem 5.1.6. AssumeGt(x) :=Xi gi�1 [I(Xi � tXi�1 � x)� F (x)] 2 L2(Rn)and F 0(x) = f(x) 2 L2(Rn):Then the functionMn(t) = Z "n�1=2 nXi=1 gi�1 fI(Xi � x+ tXi�1)� F (x)g#2 dx



5.1 General Case 45is piecewise di�erentiable for allt =2 � Xi �XkXi�1 �Xk�1 ;8i; k� and Xi�1 6= Xk�1and its derivative isM 0n(t) = 2nXi;k gk�1gi�1Xk�1(I�(Xi �Xk � t(Xi�1 �Xk�1))� F (Xk � tXk�1));where I�(x � y) :=8><>:1 x < y12 x = y0 x > y:Proof. We assumed Gt; f 2 L2(R). Hence Ĝt exists and Ĝt 2 L2(R;C ):We haveĜt(!) = ZRe�2�i!xGt(x) dx =X gi�1� 12�i!e�2�i!(Xi�tXi�1) + f̂(!)� ;taking the derivative ddtĜt(!) =X gi�1Xi�1e�2�i!(Xi�tXi�1):By Plancherel (Proposition A.5) we getMn(t) = ZRjGt(x)j2 dx = ZRjĜt(!)j2 d!:As Mn(t) is di�erentiable for t 6= Xi�XkXi�1�Xk�1 and with Proposition A.6 and Theo-rem A.7 we getddtMn(t) = ddt ZRĜt(!)Ĝt(!) d!= ZRĜt(!) ddtĜt(!) d!= 2<ZRĜt(!) ddtĜt(!) d!= 2X gi�1Xi�1 <ZRe2�i(Xi�tXi�1)!Ĝt(!) d!= 2X gi�1Xi�1G�t (Xi � tXi�1);where we have setG�t (x) = 12 � lim�!0+Gt(x+ �) + lim�!0+Gt(x� �)� :



46 5 APPLICATIONRemark 5.1.7. There exist at most n2 jump points.Corollary 5.1.8. The function Mn(t) has its extremes either in the di�erentiableintervals where the conditionXi;k gk�1gi�1Xk�1 �I�(Xi �Xk � t(Xi�1 �Xk�1))� F (Xk � tXk�1)� = 0 (5.3)must be satis�ed or at the jump points, which are of the formt = Xi �XkXi�1 �Xk�1 8i; k:Proof. It's a consequence of Theorem 5.1.6.Proposition 5.1.9. Let sgn g(x) = sgn x. Then Mn(t) has a minimum.Proof. Consider the derivativeM 0n(t) = 2nXi;k gk�1gi�1Xk�1 �I�(Xi �Xk � t(Xi�1 �Xk�1))� F (Xk � tXk�1)�and de�neU(i; k) := gk�1gi�1Xk�1 �I�(Xi �Xk � t(Xi�1 �Xk�1))� F (Xk � tXk�1)� :We have to check 6 cases:Xi�1 �Xk�1 > 0: a) Xi�1 > Xk�1 > 0,b) Xk�1 < 0 and Xi�1 > 0,c) Xk�1 < Xi�1 < 0.Xi�1 �Xk�1 < 0: d) Xk�1 > Xi�1 > 0,e) Xk�1 > 0 and Xi�1 < 0,f) Xk�1 < Xk�1 < 0:In cases b), c), d), e) we �nd limt!�1 U(i; k) = 0, a) yieldslimt!�1U(i; k) = �gk�1gi�1Xk�1 >< 0and f) limt!�1U(i; k) = �gk�1gi�1Xk�1 >< 0:Combining these cases we get the resultlimt!1M 0n(t) = 2nXA gk�1Xk�1jgi�1j > 0;



5.2 Logistic distribution 47where A = f(i; j); sgnXk�1 sgn (Xi�1 �Xk�1) = 1g, and analogous forlimt!�1M 0n(t) = �2nXA gk�1Xk�1jgi�1j < 0:Since Mn(t) is continuous we conclude that limt!�1Mn(t) =1. So Mn(t) musthave a minimum.Remark 5.1.10. The special case g(x) = x is used for the simulation.5.2 Logistic distributionIn this chapter we choose as a special case the logistic distribution, e.gF (x) = �1 + exp��xb���1 ;because R F and R F 2 have primitives. We �nd the expressionMn(t) = n�1Xi;j gi�1gj�1 [�b�maxfXi � tXi�1;Xj � tXj�1g++2b ln(1 + expf(Xi � tXi�1)=bg)] :We have b = p3�=� and � = 0. With the logistic distribution it is possible to�nd easily the minimum of the function Mn(t) numerically.



48 A FOURIER ANALYSISA Fourier AnalysisProposition A.1. Let F (t) = R  2(t) 1(t) f(t; x) dx. If  1 and  2 have continuousderivatives with respect to t throughout the interval a � t � b and f(t; x) iscontinuously di�erentiable in a region wholly enclosing the region R = f(t; x); a �t � b; c � x � dg then we getF 0(t) = Z  2(t) 1(t) ft(t; x) dx�  01(t)f(t;  1(t)) +  02(t)f(t;  2(t)):Proof. Courant (1945), p. 220.De�nition A.2 (Rudin (1987) p. 65). Let X be a measure space with a pos-itive measure �. If 0 < p < 1 and if f is a complex measurable function on X,de�ne k f k p = �ZX jf jp d��1=pand let Lp(�) consist of all f for whichk f k p <1:We call k f k p the Lp-norm of f .De�nition A.3. If f 2 L1(Rn), the Fourier transform of f is the function f̂de�ned by letting f̂(x) = ZRn f(t)e�2�i<x;t> dt;for all x 2 Rn.Proposition A.4. If both f and f̂ are integrable thenf(x) = ZRn f̂ (t)e2�i<x;t> dtfor almost every x.Proof. Stein and Weiss (1971), p. 11.Proposition A.5 (Plancherel Theorem). If f 2 L1 \ L2 thenZRn f̂2(!) d! = ZRn f2(x) dx:Proof. Stein and Weiss (1971), p. 16.



49Proposition A.6 (Parseval Formula). If f; g 2 L2 thenZRn f̂(!)ĝ(!) d! = ZRn f(x)g(x) dx:Proof. Rudin (1987), p. 187.Theorem A.7. Suppose f : R ! C is continuous except at a �nite number ofpoints t1; t2 : : : tn, where lim�!0+ f(tj + �) and lim�!0+ f(tj � �) exist. Then, ifRRjf(t)j dt converges and f̂(�) = O(j�j�1) as j�j ! 1, it follows that for R!1Z R�R f̂(�)e2�i�t d� ! f(t) for t =2 ft1; t2; : : : tng;Z R�R f̂ (�)e2�i�tj d� ! 12 � lim�!0+ f(tj + �) + lim�!0+ f(tj � �)� :Proof. K�orner (1988), p. 300f.



50 B PROBABILITYB ProbabilityDe�nition B.1 (Agresti (1990), p. 418). The symbol op(zn) denotes a ran-dom variable of smaller order than zn for large n, in the sense that op(zn)=znconverges in probability to 0; that is, for any �xed " > 0P ����� op(zn)zn ���� � "�! 1; as n!1:The notation Op(zn) represents a random variable such that for every " > 0 thereis a constant K and an integer n0 such thatP ����� Op(zn)zn ���� � K� � 1� "; for all n > n0:De�nition B.2. We say Zn converges to Z in distribution (Zn d! Z), iflimn!1FZn(t) = FZ(t)at each point t, where FZ(�) is continuous.De�nition B.3. We say Zn converges to Z in probability (Zn p! Z), if for every" > 0 limn!1P (jZn � Zj > ") = 0:De�nition B.4. We say Zn converges almost surely (a.s.) to Z, i�P (! : Zn(!)! Z(!)) = 1:Proposition B.5. We haveZn a:s:! Z =) Zn p! Z =) Zn d! Zn:Proof. Rohatgi (1993), p. 246 and p. 250Proposition B.6 (Pointwise Ergodic Theorem). Let fXngn�1 be a station-ary ergodic sequence of random variables with EjXnj <1. Thenlimn!1 1n nXi=1 Xi = EX; a:s:Proof. Berger (1993), p. 140.Proposition B.7. Let h(x) be a nonnegative Borel-measurable function of anr.v. X. If Eh(X) exists, then, for every " > 0,P (h(X) � ") � Eh(X)" :



51Proof. Rohatgi (1993), p. 100.Corollary B.8 (Markov's inequality). Let r > 0 and K > 0. ThenP (jXj � K) � EjXjrKr :Corollary B.9 (Chebychev's inequality). Let EX = � and Var X = �2.Then P (jX � �j � K�) � 1K2 :Remark B.10. If Z � N(�; �2) then Zc � N ��c ; �2c2�.Proposition B.11 (Slutsky's Theorem). If Xn p! a, Yn p! b and g(�) is acontinuous function, then1. Xn � Yn p! a� b,2. XnYn p! ab,3. Xn=Yn p! a=b, provided b 6= 0,4. g(Xn) p! g(a).Proof. Rohatgi (1993), p. 244f.Proposition B.12. 1. If Xn d! X and Xn � Yn p! 0, then Yn d! X,2. if Xn � Yn p! 0, and g(�) is a continuous function, then g(Xn)� g(Yn) p! 0,3. if Xn d! X and Yn p! c, then Xn � Yn d! X � c,4. if Xn d! X and Yn p! c, then XnYn d! cX, if c 6= 0,5. if Xn d! X and Yn p! c, then Xn=Yn d! X=c, if c 6= 0.Proof. Chow and Teicher (1978), p. 249f.De�nition B.13 (Kallenberg (1997), p. 44). A family of random variables�t, t 2 T , is said to be uniformly integrable iflimr!1 supt2T E[ j �t j; j �t j > r] = 0:Lemma B.14. The random variables �t, t 2 T , are uniformly integrable i�supt E j�t j <1 and limPA!0Xt2T E[ j�t j;A] = 0:



52 B PROBABILITYProof. Kallenberg (1997), p. 44.Proposition B.15. If X1;X2; : : : are i.i.d. r.v.'s with common law L(X) andEjXjq � 1 for some positive integer q, thenPni=1Xkin p! EXk for 1 � k � q;and n�1Pni Xki is consistent for EXk, 1 � k � q.Proof. Rohatgi (1993), p. 336.De�nition B.16. Let (
;F ; P ) be a probability space, fFin; 1 � i � ng be anarray of sub �-�elds such that Fin � Fi+1;n; 1 � i � n�1;Xin be a Fin measurabler.v. with EX2in <1, E(XinjFi�1;n) = 0 (2 � i � n); and let Sjn =Pi�j Xin; 1 �j � n. Then fSin;Fin; 1 � i � n; n � 1g is called a zero-mean, square-integrablemartingale array with di�erences fXin; 1 � i � n; n � 1g.Theorem B.17. Let fSin;Fin; 1 � i � kn; n � 1g be a zero-mean, square-integrable martingale array with di�erences Xin, and let �2 be an a.s. �nite r.v.Suppose that max jXinj p! 0; (B.1)Xi X2in p! �2; (B.2)E�maxi X2in� is bounded in n; (B.3)the �-�elds are nested: Fin � Fi+1;n for 1 � i � kn; n � 1: (B.4)Then Sknn = PiXin d! Z, where the r.v. Z has characteristic functionEexp(�12�2t2).Proof. Hall and Heyde (1980), p. 60.Corollary B.18. If (B.1) and (B.3) are replaced by the conditional Lindebergcondition for all " > 0; Xi E[X2inI(jXinj > ")jFi�1;n] p! 0; (B.5)and if (B.2) is replaced by an analogous condition on the conditional varianceV 2knn =X E(X2injFi�1;n) p! �2; (B.6)and if (B.4) holds, then the conclusion of Theorem B.17 remains true.Proof. Hall and Heyde (1980), p. 63.



53Proposition B.19 (Hall and Heyde (1980), p. 46). Conditional version ofChebyshev's inequality:P �jXinj > "��Fi�1;n� � "�2 E �X2inI (jXinj > ") ��Fi�1;n� : (B.7)Remark B.20. Two approximations to the normal distribution, Abramowitzand Stegun (1968):�(x) � 1� 1x(2�)�1=2 exp(�x2=2) =: p1(x); x > 115 ; (B.8)�(x) � 1� (4 + x2)1=2 � x2 (2�)�1=2 exp(�x2=2) =: p2(x); x > 75 : (B.9)
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